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Sand Concentration for Maximum Fracture Flow Capacity 


ANTONIO ROMERO-JUAREZ 
MEMBER AIME 


ABSTRACT 


This paper is concerned with the effect of propping- 
agent concentration on flow capacity of a fracture 
in the case in which there is embedment of the 
propping agent. Previous published studies have 
shown definitely that there is a relationship between 
fracture flow capacity and propping-agent concen- 
tration, and it has been shown that the theoretical 
results are confirmed by laboratory experiments. 

The problem of directly finding sand concentration 
for maximum flow capacity of a sand-propped fracture 
is solved, and formulas and charts are given to 
obtain this concentration under various conditions 
of effective overburden pressure, medium sand- 
grain diameter and rock properties, It is shown that, 
for the same effective overburden pressure and the 
same rock characteristics, optimum sand concen- 
tration in pounds per gallon does not depend on 
medium sand diameter. For conditions met in hy- 
draulic fracturing operations, it is found that sand 
concentration in grains per square inch for maximum 
flow capacity varies within a wide range of values; 
this indicates the convenience of using data of 
fracturing pressure and rock characteristics for 
calculating sand concentration in order to achieve 
the best results in fracture treatments. 


INTRODUCTION 


It has been pointed out in the published literature! 
that one important factor controls the success of a 
hydraulic fracturing operation — the propping of the 
fracture. The main effect of the propping agent is 
to hold the fracture open by means of the reaction 
forces that oppose the pressure due to the over- 
burden. It is assumed in this paper that the propping 
agent is sand, that the grains are spherical and 
uniform in size, and that this sand is distributed 
in a monolayer in the fracture. 

The existence of a sand concentration value for 
maximum fracture flow capacity has been recognized 
since the publication of one of the first studies on 
the subject.2 In the reference cited, flow capacity 
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was assumed to be proportional to the cube of the 
fracture volume per square inch not filled by sand. 

The obtained experimental curves relating to flow 
capacity and sand concentration had the same appear- 
ance as the curves obtained with the afore-mentioned 
assumption. Recent work3 has shown that fracture 
permeability, in the case of a monolayer, can be 
calculated accurately by means of a modified 
Kozeny-Carman equation; thus, it can be shown 
that fracture permeability is a function of free 
volume in the fracture and of the rock and sand wet 
surfaces. 


The flow capacity of a fracture is dependent on 
the permeability of the fracture and on the fracture 
width. If an excessive quantity of sand is present 
in the fracture, its width may be large but its per- 
meability is low due to the greater flow resistance; 
too few grains of sand per square inch are present 
in the fracture, sand embedment in the rock is greater 
and the width becomes small enough to appreciably 
decrease the rate of flow. To determine optimum 
conditions of flow, therefore, it is necessary to 
know the dependence of fracture width on density 
or concentration of propping agent. This relation 
is given in a study* in which the approach to embed- 
ment is similar to the one made in a penetration 
hardness test of metal. 


With the equations presented by Darin and Huitt,* 
the number of sand grains per square inch that 
results in maximum fracture capacity can be deter- 
mined graphically by plotting fracture capacity vs 
sand concentration. 

Since the relationship between fracture capacity 
and sand concentration may be considered known, 
one is led to formulate the analytical problem of 
directly determining sand concentration for max- 
imum fracture flow capacity, in order to study the 
effect of the various quantities that come into the 
process. 

The solution of this problem appears to be inter- 
esting both from the viewpoint of fluid mechanics 
and from the practical viewpoint of oil production 
in hydraulic fracturing treatments. 


EQUATION FOR FRACTURE FLOW CAPACITY 


It can be shown that the fracture flow capacity 
of a monolayer is given by the following expression, 
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obtained by a modified wai -Carman equation. 
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where (KW ) = fracture capacity in md-ft, W; = frac- 
ture width (in.) and $j = porosity of a partial mono- 
layer, given: by 
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where Vv, = enna of sand saden hieieiee faces 
per unit area of fracture surface. 

Also in Eq. 1 
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A V, 
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in whieh: ie is dhe: wie’ eats wa sand) wetted 
area (square inch per square inch) of fracture. 
Now, substituting Eqs. 2 and 3 in Eq. 1, 
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(Compare Dehlinger, et a/,? Eqs. 7 and 8.) 
From the geometry of the problem it also is 
readily found that 
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if nm = sand concentration = number of grains per 
square inch (one face of fracture) and D = mean 
sand-grain diameter. 

Then, the equation for fracture capacity can be 
written in the following convenient form. 
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FRACTURE WIDTH AND TREATING PRESSURE 


The following relation is found4 to adequately 
describe the embedment of a spherical sand grain 
in a formation. 
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In this soninn, éi is the dinmmnes of the impres- 
sion made by the penetrating grain, L is the load 
in the grain, and B and m are two characteristic 
constants of the formation rock. Since embedment 
increases with B, this characteristic constant will 
be called ‘‘softness’’ of the rock; m could be called 
the ‘‘pseudo-rigidity’’. Eq. 8 is supported by ex- 


perimental data. 
From the problem’s geometry, 


2 ee oe 
Wp * D°-a"- 


Combining Eqs. 8 wd 9 sau punilng 


P. being the effective overburden pressure, the 
following equation results for fracture width. 
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By means of Eqs. 6, 7 and 10, fracture capacity 
may be calculated as a function of concentration 
for different values of effective overburden pressure. 

Figs. 1 and 2 show flow capacity vs sand con- 
centration for two fractures propped with sand of 
different grain diameter. For Fig. 1, D =0.025 in. 
(20-30 mesh), P, = 600 psi, B = 6.8 x 10 “5 and 
m = 0.92. For Fig. 2, D = 0.16 in. (4—6 mesh), Pe 
= 3,000 psi, B = 4.2 x 10-5 and m = 1. 

Note that a large-diameter propping sand produces 
a fracture flow capacity of about two orders of 
magnitude greater than that obtained with a small 
(20—30 mesh) sand grain. 

The following considerations are made in order 
to estimate the values of effective overburden 
pressure when a fracture is induced. 

The effective overburden pressure is the difference 
between the confining pressure P,, which tends to 
close the fracture, and the formation pressure Py. 


Pot By-Beer ee eee eee ee CD 


There has been a great controversy over the 
determination of confining pressure P,. According 
to most investigators,5 P, for horizontal fractures 
is equal to the overburden pressure Pj, correspond- 
ing to the weight of theoverlaying rocks; therefore, 
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FIG, 1—FRACTURE FLOW CAPACITY AS A FUNCTION 
OF SAND CONCENTRATION FOR 0.025-IN. MEAN 
SAND-GRAIN DIAMETER (20-30 MESH). 
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FIG. 2— FRACTURE FLOW CAPACITY AS A FUNCTION 
OF SAND CONCENTRATION FOR 0.16-IN. MEAN 
SAND-GRAIN DIAMETER (4-6 MESH). DOTTED CURVE 
CALCULATED BY MEANS OF APPROXIMATE FOR- 
MULAS. 


P, is simply the product of the specific weight of 
the rock times the depth. For a fracture making its 
plane on an angle ® with the horizontal, the confin- 
ing pressure is 


no [to R) «(-28) =a] 


- (12) 
p being Poisson's s ratio. It follows from Eq. 12 
that, for a vertical fracture, 


Several authors5 give field data on treating pres- 
sures. A rough estimation will be made here of the 
effective overburden pressure defined by Eq. 11. 
Rock densities are considered to range from 1.9 
to 2.4 gm/cc; since hydrostatic pressure gradient 
(corresponding to l-gm/cc density) is equal to 
0.433 psi/ft, the following equations are correct 
to a rough approximation. 


Pob = 2.2x0.43/4 


an 
Pe =0.43h/ 
where + is the depth in feet and pressures are meas- 


ured in pounds per square inch. Then, for horizontal 
fractures 


Po =(2.2-1) 0.434=0.52h- ++ ++ (14) 
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Taking in Eq. 13 p = 0.25, 


Pe = 0.67 Pop, 
Fo =0.64/ 3 


therefore, for vertical fractures, 


Pe = 


SAND CONCENTRATION FOR 
MAXIMUM FLOW CAPACITY 


The problem to be solved may be formulated in 
the following terms. Find the value of n for which 
(KW,) has a maximum value, when P,, D and B 
are given, where 


1.1x10'° 
(KWp) = ae 
Aw 


Ay= 2 - 2 (p?- We )+nH DU, . 


and where 
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The condition for extreme values of (KW; ) is 
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in Eq. 18; then, 


We = D(1-8x)2 


Since by Eqs. 8 and 21 (d/D)" = Bx, the quantity 
Bx is a small fraction and is considered as such 





in the following equations. Then this equation 
may be expressed as 


‘ Py, kee eceigle 
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To make the problem tractable, the calculation 
will be carried taking terms up to the first power of 
x. It can be shown that the results obtained keep- 
ing terms of the second degree in x are, for practical 
conditions, the same as obtained by the first ap- 
proximation. 


From Eqs. 19 and 22, 
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and from Eqs. 17 and 22, 


Ay =(2+nAD?)-nAo*Bx. .. . 


By derivation, from Eqs. 23 and 24: 
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then, substituting dx/dn in Eqs. 25 and 26, 
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Ow = Fi? +H (m-1) D* Bx... . (29) 


Since the second term in Eq. 29 is very small com- 
pared with the first, 


= eee 


Substituting Eqs. 23, 24, 28 and 30 in Eq. 20, 
the following equation is obtained, after some re- 
ductions. 
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By means of this formula and Eq. 21, optimum 
sand concentration for given values of P,, B and 
m can be calculated easily. 


Fig. 3 shows the variation of n with P, for D = 
0.025 in., B = 7 x 10-5 and for different values of 
m for maximum flow capacity, as determined by Eq. 
31. Fig. 4 is a plot of Eq. 31 for D = 0.16 in., m = 
1 and for different rock-softness values B. 

Note the wide range of values of sand concentra- 
tion, in grains per square inch, for maximum fracture 
flow capacity under different conditions of the 
effective pressure (therefore, under different kinds 
of fractures) and under different rock properties. 

Fig. 2 also shows fracture capacity vs sand con- 
centration as calculated using the approximations 
made, that is, by means of the equation 


3 4.03 
W 
(Wg) = 1.1x10'° a 
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and the approximate formulas 
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This figure reveals that the approximation leads 
to practically the same results yielded by the exact 
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EFFECTIVE OVERBURDEN PRESSURE 


FIG. 3—SAND CONCENTRATION FOR MAXIMUM FLOW 

CAPACITY AS A FUNCTION OF OVERBURDEN PRES- 

SURE FOR 0.025-IN. SAND-GRAIN DIAMETER (20-30 
MESH) AND ROCK SOFTNESS B = 7 x 10°5. 
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EFFECTIVE OVERBURDEN PRESSURE, PS! 


FIG. 4—SAND CONCENTRATION FOR MAXIMUM FLOW 

CAPACITY AS A FUNCTION OF EFFECTIVE OVER- 

BURDEN PRESSURE FOR 0.16-IN. SAND-GRAIN 

DIAMETER (4-6 MESH) AND FOR DIFFERENT ROCK 
SOFTNESSES. 


relations. Particularly note that the concentration 
value corresponding to maximum fracture capacity 
is the same for both curves. 

Fig. 5 shows fracture width vs concentration as 
calculated by 


Y. 
We = D 1-2(—25)" 
tf nbe@ 
and by the approximate formula 


w, +0 (1-2). 


Again, the approximation is shown to be satisfactory. 


CONCENTRATION IN POUNDS OF SAND 
PER GALLON OF FLUID 


Under the assumptions of no fluid leak-off through 
the fracture faces and of monolayer arrangement, 
the conversion of concentration from grains per 
square inch to pounds of sand per gallon of fluid 
can be made immediately. 

If p is the specific weight of the sand material 
in pounds per cubic foot and n is the number of 
sand grains per square foot, the weight in pounds 
of a monolayer of 1 sq ft of fracture surface is 


7 p3 
p= Ao Pr, 


the corresponding void volume in cubic feet of 
propped fracture is 


We -Vp» 


wept (2-H): 


Then the concentration C in pounds of sand per 
cubic feet of fluid, measured in the fracture, is 
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= 3,000 PSI. DOTTED CURVE CALCULATED BY MEANS 
OF APPROXIMATE FORMULA. 
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It is readily seen that the last expression contains 
n and D only in the product nD2. Also, in Eq. 31 
n and D appear only in the product nD2; therefore, 
it is possible to write 


nb*= f (2B, 8,m) 


Thus by Eq. 32 it is concluded that C for maximum 
flow capacity does not depend on sand-grain di- 
ameter. 


If during the time that sand is being pumped into 
the fracture its width is equal to the grain diameter, 


Eq. 32 becomes 


~ 2 
—“— ape 
6 


If D is expressed in inches and n in grains per 
square inch, the concentration in the fracture in 
pounds of sand per gallon of fluid is 


C= AP nb® ° 
6x 7.481 1-2A.np? 
6 





This is the formula used to calculate the con- 
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centration in pounds per gallon corresponding to a 
value of the density given in grains per square 
inch. The concentration in pounds of sand per 
gallon of fluid in the fracture, for the corresponding 
values of n shown in the scales of Figs. 1 through 
5, is calculated by Eq. 33 with the value p= 2.44 
gm/cc. 

That C is independent of D can be checked by Figs. 
3 and 4 for the values B = 7x 105, m=1, P, = 
3,000 psi for instance, and the two grain diameters 
D = 0.16 and 0.025 in., respectively; in both cases, 
nD2 = 0.37 and also in both cases C = 4.9 lb/gal. 

When fracture width equals grain diameter of the 
propping agent, sand concentration in the fracture 
given by Eq. 33 will be equal to, in the absence of 
leak-off through fracture faces, the concentration 
measured at the surface. 

Fluid leak-off through the fracture faces affect, 
of course, the concentration in a propping-sand 
operation; the fluid lost has the result of increasing 
the concentration within the fracture. In other 
words, the concentration measured in the fracture 
shown in Figs. 1 through 5 is greater than the 
concentration measured at the surface. Thus, con- 
centration measured at the surface for maximum 
flow capacity, in the case of fluid leak-off, should 
be less than indicated in Figs. 3 and 4. 


CONCLUSIONS 


1. The problem of directly calculating sand con- 
centration for maximum fracture flow capacity under 
various conditions is solved. 

2. Sand concentration measured in the fracture 
in pounds of sand per gallon of fluid, for maximum 
flow capacity and for the same conditions of pres- 
sure and rock characteristics, is independent of 
medium-size grain diameter. 

3. For conditions met in hydraulic fracturing treat- 
ments, it is convenient to determine sand concen- 
tration for maximum flow capacity, using data of 
treating and reservoir pressures and laboratory 
data of rock characteristics in order to obtain the 
best results from the fracturing operation. 


NOMENCLATURE 
(KW; ) = fracture capacity, md-ft 


Wy = fracture width, in. 


Pp = porosity of a partial monolayer in fracture 


V 


p = volume of sand between fracture faces per 


unit area of fracture surface 
A,, = total wetted area (sq in.) per unit area (sq 
in.) of fracture 
Sp = Ay/Vp (see definitions of A,, and Vp) 
n=sand concentration, equal to number of 
grains per sq in. of fracture 


D =mean sand-grain diameter, in. 


d = diameter of the impression made by the grain 
in the rock, in. 


L = load on the grain, lb 

B =characteristic constant of the formation 
rock (softness) 

m = characteristic constant of the formation 
rock (pseudo-rigidity) 

P, = effective overburden pressure, psi (confining 
pressure due to overburden minus for- 
mation pressure) 

P..=confining pressure due to overburden, psi 

P, = formation pressure, psi 

Pop =pressure corresponding to the weight of 
overlaying rocks, psi 
b = depth, fet 
pt = Poisson’s ratio 
® =angle of fracture plane with horizontal 

= void volume in 1 sq ft of propped fracture 

x =(P,/nD?)™ = an auxiliary variable (see 
definitions of PR, , n and D). 

P =weight of a sand monolayer in 1 sq ft of 
fracture, lb 
p = specific weight of the sand material, lb/cu 


C = sand concentration measured in the fracture, 
Ib sand/gal (or cu ft, when specified) of 
fluid 
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ABSTRACT 


A potentiometric model technique is presented for 
determining the areal sweep efficiency of a five- 
spot well pattern, at and beyond breakthrough. A 
sharp interface between displaced and displacing 
fluids is assumed. Although the prototype system 
is referred to as a waterflood operation, obvious 
changes in the notation and computations will adapt 
the results to other displacement processes. 

The results of the study include the following. 

1, Areal sweep efficiencies for a five-spot well 
pattern, at and beyond breakthrough, for mobility 
ratios (displacing to displaced fluid) of 4:1, 2:1, 
1:1 and 1:4. 

2. Extension of potentiometric analysis to the 
investigation of the areal sweep.efficiency beyond 
breakthrough in a five-spot pattern by the application 
of conformal mapping and conductive-solid models. 

3. The use of layers of conductive fabric in rep- 
resenting mobility ratio changes in potentiometric 
models. 

4. The development of a probe mechanism for 
probing conductive solids. 

The results obtained by conductive-cloth models 
agree with earlier areal sweep efficiencies at break- 
through obtained by Aronofsky and Ramey on the 
potentiometric analyzer using electrolytic-tank 
models. Results beyond breakthrough differ from 
those obtained by the X-Ray Shadowgraph technique. 
Data from this study show that, for mobility ratios 
greater than one, water cut rises rapidly as fluid 
is produced after breakthrough. However, for mobility 
ratios smaller than one, a large increase in area 
swept resulted with only a small increase in water 
cut. 


INTRODUCTION 


In calculating reservoir performance of waterflood- 
ing operations and other fluid-injection programs, it 
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is necessary to estimate the areal sweep efficiency * 
before and after injected-fluid breakthrough into 
production wells. Influence of mobility ratio on oil- 
production history, before and after breakthrough 
for a five-spot well pattern, has been studied by 
X-Ray Shadowgraph techniques 2-5 and by gelatin 
models.© In none of these investigations was the 
transition zone controlled experimentally. 

Steady-state analog techniques assume that a 
vertical and discrete interface exists between the 
displacing and displaced phase. Thus, when using 
a potentiometric analysis, it is assumed that no 
transition zone exists. 

To determine the areal sweep efficiency beyond 
breakthrough for a five-spot well pattern using the 
potentiometric analyzer, four principal problems had 
to be resolved. These were the following. 

1. The laborious method of representing changes 
in mobility ratio in electrolytic tanks by means of 
contoured wooden blocks. 

2. Vaporization of the electrolyte solution during 
the study causing concentration changes and, there- 
by, variable conductivity. 

3. The scale-limitation problem? that is accen- 


tuated by abrupt electrolyte depth changes. 
4. A wellbore geometry problem. 


EXPERIMENTAL EQUIPMENT AND PROCEDURES 
CONDUCTIVE-SOLID MODEL 


The theory, equipment and procedural techniques 
of the electrolytic-tank potentiometric model have 
been treated excellently by Lee® and by Muskat. 9 
By the use of a conductive solid to represent the 
fluid conductivity of the porous media, the need 
for contouring wooden blocks to represent mobility 
ratio was eliminated. It was found that a carbon- 
black coated fabric, Uskon D-16,** could be employed 
as a fairly uniform conductive media. This material, 
when stacked in appropriate layers and pressed 
together, can be used to represent changes in mo- 





*Areal sweep efficiency is the area enclosed by the leading 
edge of the injected-fluid front divided by the portjon of the 
reservoir area under consideration. 


**United States Rubber Co, 





bility. A new probing mechanism was necessary for 
use on dry-conductive solids. A photograph of a 
leaf-spring-type probe developed for this purpose 
is shown in Fig. 1. Two areal-sweep-efficiency 
runs, made on a developed, one-quarter five-spot 
well pattern at a 1:1 mobility ratio by two different 
investigators, checked the theoretical value closely 
(Table 1). Therefore, the dry-probing technique was 
considered reliable. 

Conductive fabric eliminated the use of electrolyte 
solutions and their accompanying vaporization 
losses. Compensating for this advantage, it was 
found that the fabric was sensitive to changes in 
humidity; this problem was circumvented by provid- 
ing a humidity-controlled atmosphere. 

Since the thickness of the conductive fabric was 
0.012 in., the erroneous deviation of flow lines 
caused by large variations in electrolyte depth 
was reduced materially. 


BIPOLAR TRANSFORMATION 


For two reasons, extension of the investigation 
to the problem of sweep-out after breakthrough was 
impractical using the regular, developed five-spot 
pattern. First, the fraction of current carried by the 
swept and unswept regions, and hence the rate at 
which the area of the unswept section is decreased, 
is dependent on the angle that the tip (Fig. 4) of 
the cloth is cut at the producing well. The tip is 
extremely .small, making it difficult te preserve 
the analogy as far as geometry is concerned. The 


precise cutting and connecting of the cloth in the 
region of the producing well determines the outcome 
of the problem at succeeding points. Thus, in this 
Situation, it was highly desirable to greatly enlarge 
the model or to adopt a different approach. Second, 
in attempting to advance the front after breakthrough, 


FIG. 1—CONDUCTIVE-SOLIDS PROBE. 


TABLE 1-EFFECT OF MOBILITY RATIO ON AREAL SWEEP 
EFFICIENCY AT BREAKTHROUGH — DEVELOPED FIVE- 
SPOT WELL PATTERN 


Areal Sweep Efficiency — per cent 





Potentiometric 
Analyzer 
Mobility Conductive Electro- X-Ray?*3 
Ratio Cloth- lytic Fluid Shadow- Analytical 
M Uskon Tank! Mapper'? graph Calculation 
oo: J 62.6 '* 62.5 - - - 
10:1 - 64.5 52.7 51.0 - 
4:1 66.4 65.8 62.0 54.0 45.04 
2:1 68.8 68.0 68.0 60.4 - 
1:1 71.6-71.5 * 70.0 71.7 69.8 71.5'%71.8** 
1:4 82.2 88.5 78.0 87.0 - 
1:10 - 94.5 82.0 100.0 - 


*First value obtained on regular, one-quarter five-spot well 
pattern and second value obtained on transformed, one-quarter 
five-spot well pattern, 

**Calculated by J. R. Milne from formula presented in Ref. 16. 











it becomes physically impossible to probe in the 
immediate vicinity of the producing well. A smaller 
probe spacing would help, but the number of readings 
and the solution time would increase proportionately. 
As aresult, a method was devised which transformed 
the regular, developed-five-spot well pattern by 
means of analytic functions into another geometrical 
system in which the geometry of the critical region 
around the wells is more favorable for precise po- 
tential measurements. in essence, the injection 
and production sand faces of a one-quarter-developed 
five-spot well pattern were transformed by a bipolar 
co-ordinate system into a straight line; also, the 
diagonal between the wells was lengthened and 
the opposit diagonal was shortened (Fig. 2). 

The procedure used in the bipolar transformation 
method, using the case of 2:1 mobility ratio as an 
example, was as follows (Fig. 2). 

1. Several transformed 16-in. one-quarter five- 
spot well patterns (hereafter referred to as the trans- 
formed five-spot) were cut out of a roll of Uskon 
D-16 cloth, some in the direction of the woof and 
others in the direction of the warp. A stainless- 
steel template of the transformed five-spot assured 
the cutting of uniform ‘patterns. 

2. Four layers of cloth were carefully stacked, 
alternating the woof and warp sheets, and pressed 
together. The model was then placed on a piece of 
Y-in. plywood. 

3. The cloch was cut 2-in. longer on each end 
than the proper boundaries of the transformed model; 
these strips were used as electrodes. The last 2 in. 
of the top of the top-most layer and the bottom of 
the bottom-most layer were painted with conductive 
silver paint. A piece of aluminum foil was placed 
over the silver paint and the entire assembly was 
drawn down tightly by means of a \%-in. bakelite 
sheet and screws (Fig. 2). Connection to the DC 
power source is made through the. aluminum foil. 

4, Since the position of the front at breakthrough 
had been determined previously on a regular five- 
spot model, this front was converted to the trans- 
formed model and the two top sheets were cut accord- 
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ingly. The positions of the front near the wellbore 
after breakthrough were followed on the transformed 
five-spot, and the portion of the front near the opposite 
diagonals was followed on the regular five-spot. 
The portion of the front investigated on the trans- 
formed five-spot was converted back to the regular 
pattern to determine areal sweep efficiency. 

5. The water cut was determined by a material 
balance calculation. 

A 1:1 mobility ratio, one-quarter-developed five- 
spot was run to breakthrough on a transformed model 
to check its validity. The results are reported in 
Table 1. The results of the areal sweep efficiency 
obtained for the developed five-spot flood pattern 
beyond breakthrough for mobility ratios 4:1, 2:1, 
1:1 and 1:4, run as outlined previously, are shown 
in Fig. 3. The interface positions for a mobility 
ratio of 1:4 are shown in Fig. 4. Fig. 5 presents 
the potentiometric model and detecting circuit dia- 
grams. The circuitry is identical for the regular 
and transformed models. 


DISCUSSION 


It is known that, when the mobility ratio is greater 
than one, the displacement front may develop fin- 
gers.10,11 In any actual displacement in which the 
displacing phase is the more mobile, these non- 
uniformities of flow arise due to the shape instability 
of the interface between fluids. Thus, a small dimple 
or protrusion on the front causes the fluid velocity 
pattern to be altered. In the case of frontal instability, 
this change in flow pattern causes the ripple to 
grow larger. The rate at which such parasitic flow 
patterns develop evidently depends on the fluid 
mobility itself, as well as on the ratio of mobilities, 
the gradient of fluid mobility and the homogeneity 
of the formation. 
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The phenomenon has been observed in laboratory 
models of various geometries, but it is not yet known 
what effect it will have in reservoirs where the 
travel distance is so much greater. On the scale of 
an oil field, the fingered transition zone may in 
some cases still be treated as a thin interface sep- 
arating the displaced from the displacing fluids. 

In the potentiometric analogy, the instability due 
tothe shape of the displacement front is not observed. 
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The limitation evidently arises from the fixed inter- 
electrode separation on the probe. The observed 
potential differences and calculated fluid-travel 
times are averaged automatically over this distance. 
Thus, flow inhomogeneities in the reservoir which 
are smaller than the scaled-up inter-electrode 
spacing are virtually disregarded by the poten- 
tiometric model. 

The potentiometric method used in this work is 
open to several criticisms. A major objection is 
the use of step-wise approximation to the displace- 
ment, with the ‘‘front’’ being advanced incrementally 
on the basis of potential gradients in the model. 
It has not been shown mathematically that this 
process converges uniquely to the correct result. 
Similarly, it is not clear how dispersion at the front 
will affect the after-breakthrough production. The 
results presented are based on the assumption that 
the displacement behavior in the reservoir is not 
grossly affected by such phenomena at the front — 
that the width of the front remains negligible in 
comparison to the well spacing. It is hoped that 
these problems can be resolved by future work. 


SUMMARY AND CONCLUSIONS 


1. The utilization of conductive-solid materials 
in a potentiometric model was investigated. It was 
found that layers of conductive, carbon-black coated 
fabric (Uskon D-16) canbe used to represent changes 
in mobility ratio from 4:1 to 1:4. Layers of conductive 
cloth also can be used to represent changes in 
permeability-thickness product of a reservoir. In 
addition, an infinite mobility ratio that has proved 
valuable in in-situ combustion studies can be 
represented by silver-painting the cloth behind the 
front. 

2. A new type of probing mechanism was devel- 
oped for use on conductive solids. To obtain con- 
sistent potential readings, it was necessary to 
maintain a uniform probe pressure on the conductive 
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FIG. 5— POTENTIOMETRIC MODEL AND DETECTING 
CIRCUIT DIAGRAMS. 


cloth. A combination helical- and leaf-spring-loaded 
probe mechanism was found to satisfy this require- 
ment. 

3. A new technique was developed for using the 
potentiometric analyzer to determine areal sweep 
efficiency after water breakthrough. The physical 
impossibility of probing (to obtain the potential 
distribution) the model of a developed five-spot 
well pattern in the immediate vicinity of the well- 
bore was the main difficulty to be overcome. This 
was circumvented by employing a bipolar transfor- 
mation system which changed the configuration of 
the regular, developed five-spot well pattern; in 
particular, the 90° curved face of the wellbore is 
converted to a straight line. Thus, it is possible 
to obtain the potential distribution in the area 
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adjacent to the wellbore on the transformed five- 
spot well pattern. All runs made employing the 
transformed well pattern gave reasonable and re- 
producible results. 

4. The results of areal-sweep-efficiency runs 
at breakthrough for various mobility ratios are 
shown in Table 1. As the mobility ratio decreases 
below one, the area swept increases rapidly. This 
is contrasted to a small change in the area swept 
as the mobility ratio increases above one. There 
is good agreement of the data obtained by conductive- 
cloth models and by electrolytic-tank models (ob- 
tained by Aronofsky and Ramey!) on the potenti- 
ometric analyzer at mobility ratios greater than one. 

5. The effect of mobility ratio on water cut and 
areal sweep efficiency after water breakthrough is 
shown in Fig. 3. For mobility ratios greater than 
one, the water cut increases rapidly, immediately 
after breakthrough, to more than 50 per cent of the 
produced fluid. It then increases more gradually 
with increasing production. For a mobility ratio 
smaller than one, however, large increases in 
area swept resulted, with only a small increase in 
water cut. 
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Nonequilibrium Gas Displacement Calculations 
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ABSTRACT 


The effects of phase behavior on reservoir econ- 
omics is a function of both fluid composition and 
flow properties of the reservoir rock. In some opera- 
tions such as gas injection into volatile crude-oil 
reservoirs, the stock-tank recovery derived from 
vaporization of the reservoir oil by the displacing 
gas can approach the recovery derived from the 
displacement mechanism. In other cases of gas- 
cycling reservoirs, the dry injected gas can effec- 
tively vaporize a retrograde liquid phase, allowing 
a substantial reduction in cycling pressure with no 
appreciable loss in recoverable liquids. Because 
of these effects, it is essential that phase behavior 
be considered in developing the economics of any 
secondary recovery program in which gas is the 
injected fluid. 

The inclusion of phase behavior in conventional 
calculation procedures has been retarded because 
of the complexity of the calculation and the large 
volume of laboratory data required. However, by 
applying high-speed computers and new laboratory 
techniques, the phase-behavior displacement cal- 
culation has been developed to economically include 
this basic fundamental of gas displacement. 

The calculation is performed by reducing the 
reservoir to a series of one-dimensional segments. 
Phase changes, saturation distributions and chang- 
ing fluid properties are evaluated for each segment 
as a function of time. The relative volumes of 
equilibrium liquid and gas displaced {rom each 
segment are determined by a trial-and-error procedure 
to meet the requirements of phase equilibrium and 
two-phase flow. The produced fluids are flashed 
through conditions of surface separation approx- 
imating those in the field to obtain actual values 
for stock-tank liquid recovery and producing gas- 
oil ratios. ‘ 

Based on the results of successful field studies, 
the technique appears to have application to res- 
ervoirs producing under a nonmiscible gas-displace- 
ment mechanism and should substantially increase 
the reliability of this type of analysis when phase 
behavior is an important factor. 
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office July 15, 1960. Revised manuscript received Jan. 25, 1961. 
Paper presented at 35th Annual Fall Meeting of SPE, Oct. 2-5, 
1960, in Denver. 
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INTRODUCTION 


Predicting reservoir performance under gas-injec- 
tion operations involves three basic principles of 
reservoir engineering. First, a material balance 
exists between the displacing gas and the displaced 
reservoir fluid. Second, the oil and gas flow in 
relationship with the two-phase flow property of 
the reservoir rock; and third, phase equilibrium 
exists between the displacing gas and the native 
reservoir fluid. To illustrate these three principles, 
consider the one-dimensional reservoir shown in 
Fig. 1. The reservoir is divided into a series of 
segments representing a one-dimensional cross 
section between an injection area and a producing 
area. S, represents the oil saturation, C,, represents 
the connate-water saturation and S, represents the 
displacing gas saturation. The gas is moving into 
Segment 1 and the reservoir oil is being produced 
out of Segment N. 


Consider the case when gas has just moved into 
Segment 1 and the displacing gas-oil contact is at 
position a-a? The volume of oil pushed out of Seg- 
ment 1 is a function only of mobility and the two- 
phase flow properties of the reservoir rock, that is, 
K,/K, and }tp/pg- Behind the front if the injected 
gas is foreign to the reservoir oil (a nonequilibrium 
gas), there will either be vaporization of the oil 
into the gas or condensation of the gas into the 
oil. In either case the net result is a mass transfer 
and a re-distribution of composition and liquid and 
gas saturation. 

If the displacement is at constant pressure and 
is continued, the gas moves into new segments, 
proceeding succesively into Segment 2, 3, etc. The 
total volume of oil produced from the reservoir 






































FIG. 1— ONE-DIMENSIONAL REDUCTION OF RESER- 
VOIR. 
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becomes a composite of phase behavior behind the 
front and displacement at the front with the net 
result, ‘‘total fluid produced = total fluid injected 
+ phase changes’’. 

In the past, conventional methods of analyses! 
have included only the concept of two-phase flow 
(K,/K,) (u,/H,) and a material balance. The third 
fundamental of phase behavior has been neglected 
because of the complexity of the calculation procedure 
and large volume of laboratory data required for an 
accurate prediction. These conventional calculations 
have been and will continue to be satisfactory for 
heavy-crude reservoirs being produced under dry- 
gas injection programs, gas-cap expansion, or any 
other form of an equilibrium or near-equilibrium 
displacement process. However, because of the 
increasing number of volatile oil reservoirs and 
rich-gas injection programs, it has been recognized 
that the undefined factor of phase behavior is oper- 
ative in most gas-injection programs and contributes 
materially to liquid recovery by either (1) reducing 
liquid viscosity, (2) swelling the residual oil phase, 
or (3) vaporizing the reservoir oil. 


BASIC CONSIDERATIONS AND RESTRICTIONS 


By using high-speed computers and new laboratory 
techniques, the nonequilibrium gas displacement 
program was developed to include all three of the 
basic principles of a gas displacement process. 
The calculation is performed by reducing the reser- 
voir to a series of one-dimensional segments as 
shown in Fig. 1. Values of gas saturation, composi- 
tion of injected gas and native reservoir oil and gas, 
flow properties of the rock and pore volumes are 
entered for each segment. The displacing gas enters 
Segment 1 and fluid flows in one direction, either 
being produced in accordance with predictable 
field performance or being displaced into the next 
segment. One time step tracts the total fluid flow 
in all segments considering the phase changes, 
displacement mechanism and material balance ahead 
of the front, at the front and behind the front. 

Earlier work2 designed to calculate the effects 
of phase behavior on a gas displacement process 
has assumed the reservoir to be one cell with uniform 
compositions and phase properties throughout the 
entire reservoir. Preliminary work done in a model 
of this type (one segment) indicates complete loss 
of the compositional front and gross exaggeration 
of the effects of phase behavior. The principle 
employed in this earlier work assumes that phase 
equilibrium is reached simultaneously throughout 
the reservoir, which distorts the effects of either 
vaporization or condensation. The segment principle 
employed in the nonequilibrium calculation is for 
the purpose of more closely approximating the actual 
reservoir process of a nonequilibrium gas contacting 
reservoir oil as it moves through the reservoir and, 
by this repeated contact, becoming in equilibrium 
with it. 





IReferences given at end of paper. 
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The nonequilibrium calculation is subject to tom 
basic assumptions. 

1. Capillary pressure and gravity are not con- 
sidered. 

2. The fluids within each segment are assumed 
to be in phase equilibrium at the end of each time 
step. 

3. An average gas saturation is calculated for 
each segment and is assumed to represent the flow 
properties of the entire segment. 

4. There is a constant pressure during any one 
time step; that is, declining reservoir pressure 
must be approximated by a series of constant- 
pressure steps. 

It should be noted that some smearing of the 
compositional front is inherent in the segment 
principle used in this calculation; therefore, it is 
not considered applicable to a slug displacement 
process. 


CALCULATION PROCEDURE 


The nonequilibrium displacement analysis is 
quite complex, involving several interdependent 
trial-and-error solutions. Figs. 2 and 3 illustrate the 
basic principles used in the calculation procedure, 
with a listing of each of the major equations included 
in the Appendix. 

Fig. 2 illustrates the mechanism for calculating 
the displacement process as the gas front moves 
into each segment. Bear in mind that the displace- 
ment mechanism is a function only of relative per- 
meability and oil and gas viscosity and, as such, 
is affected by phase behavior only through changing 
viscosity. Referring to Fig. 2, the Buckley-Leverett 
displacement equations are solved to determine the 
displacing gas saturation in Segment 1 (Step 1). 
Based on this saturation the residual oil and gas 
behind the front are combined in proportion to their 
calculated volumes and are flashed at reservoir 
pressure and temperature to determine the phase 
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effects on oil and gas viscosity (Step 2). The new 
viscosities are used to recalculate the Buckley- 
Leverett displacement and evaluate a new value 
for displacing efficiency or gas saturation (Step 3). 
The test is made to compare the original value of 
displacing gas saturation with the current value 
(Step 4). If agreement is not obtained, the new gas 
saturation and new viscosities are used to adjust 
the volume of fluid displaced from the segment 
(Step 5). Steps 2 through 5 are repeated until the 
displacing gas saturation calculated on two succes- 
sive trials agrees within a predetermined tolerance 
(0.1 per cent). 

Referring back to Fig. 1, at the completion of Steps 
1 through 5 the gas front is at a-a” in Segment 1; 
the volume of fluid displaced from the segment has 
been calculated considering phase effects on oil 
and gas viscosities. 

Fig. 3 illustrates the basic mechanism for cal- 
culating phase behavior behind the front. The pur- 
pose here is to determine the re-distribution of 
fluid compositions and saturations to satisfy phase 
equilibrium. Once we satisfy the displacement 
mechanism, the volume of oil and gas behind the 
front is again combined and flashed at reservoir 
pressure and temperature to determine the re-dis- 
tribution of composition. New fluid volumes are cal- 
culated and compared to the original segment volume 
(Step 6). If agreement is not obtained between the 
original and the calculated segment volume, the 
gas saturation behind the front is adjusted to reflect 
the phase exchange (Step 7). This procedure is 
continued until the calculated segment volume agrees 
with the original segment volume. When agreement 
is reached, the fluids produced from the segment 
are flashed through surface separation conditions 
to determine gas-oil ratio, surface recovery and 
producing composition (Step 8). The entire procedure 
is repeated for succeeding time steps as the gas 
front moves into Segments 2, 3, 4, etc. Steps 1 and 
3 are omitted for all segments behind the front;i.e., 
displacement behind the gas front is dependent 
only on two-phase flow and phase behavior. 

Again in review, Steps 1 through 4 satisfy the 
displacement process considering the effects of 
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phase behavior only on mobility. Steps 5 through 
8 evaluate phase behavior behind the front and 
its effect on oil and gas saturation. Full details 
of the equations used in the analysis are included 
in the Appendix. 


LABORATORY DATA REQUIRED 


The laboratory data requirements for the nonequi- 
librium gas displacement calculation are quite exten- 
sive in relationship to most high-pressure phase- 
behavior work, All of the data used in this calculation 
are required as a function of pressure, temperature 
and composition. Equilibrium vaporization constants 
(K-values) are the most important data used. These 
values are used to determine the mols and composition 
of the liquid and gas in each segment from which 
all volume data are calculated. 

Because of equilibrium properties of the reservoir 
gas and liquid change through repeated contacts of 
the displacing gas and native reservoir fluid, it is 
necessary to use K-values that will reflect this 
change independent of pressure and temperature. 
For example, consider constant-pressure gas injec- 
tion in a reservoir containing a volatile crude. The 
first gas injected may effectively vaporize a portion 
of the crude contacted. However, as the gas moves 
away from the injection well and contacts more oil, 
it eventually becomes saturated and a new over-all 
hydrocarbon system exists. If the pressure and 
temperature of the reservoir are constant, standard 
K-values would also be constant and would not 
adequately predict the changing phase properties 
of this new system. 


To obtain K-values that would apply, reservoir 
liquid and displacing-gas samples were used in 
the laboratory to perform a series of constant-pres- 
sure contacting experiments. The original liquid 
was contacted by a volume of displacing gas and 
allowed to come to equilibrium. The resulting gas 
and liquid compositions were measured and used 
to calculate the K-values for that step (k,;=y,/x; ). 
The equilibrium gas was removed, and the equilibrium 
liquid was again contacted by new volumes of 
original gas. This procedure was repeated until 
no further change was noted in the compositions. 
This process is analogous to the reservoir process 
occurring near the injection well. A second series 
of experiments was performed in the same manner 
as the first except that the displacing gas was 
repeatedly contacted by original reservoir fluid. 
This process is equivalent to the phase changes 
occurring at the gas front. The K-values obtained 
from the two processes were then plotted as a func- 
tion of liquid composition to give a plot of K vs 
composition for a given pressure and temperature. 
If the reservoir study requires a declining pressure, 
the K-value data are obtained by the same procedure 
at both a high and low pressure and the two sets 
of curves are interpolated for K-values at any inter- 
mediate pressure. Fig. 4 illustrates a typical set 
of K vs composition data used in a case field study. 

Liquid viscosity, molecular weights and gallons- 
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per-mol factors for the hydrocarbon components 
above C. were also obtained as a function of liquid 
composition. It was determined from laboratory 
experiments that the molecular weights and volume 
relationship of the heavy components were basically 
insensitive to pressure but underwent a definite 
change with changing composition. Fig. Sillustrates 
the molecular weight and gallon-per-mol factor for 
the C+ fraction as a function of the mol fraction 
of C+ in the liquid. 

Other basic data required for the calculation 
consists of relative permeability data (K,/K,), 
compositions of the reservoir liquid and gas, standard 
K-values for surface pressure and temperature (for 
separator flashes), and critical pressures and tem- 
peratures of the components. A complete table of 
gas-compressibility data (Z factors) is also required. 


FIELD APPLICATIONS 


Three field applications of the nonequilibrium 
gas calculations have been completed. One of these 
fields, a volatile-oil system with shrinkage of 1.7, 
had been produced under a dry-gas injection program 
for three years and recovery was substantially 
higher than expected. A match of observed perform- 
ance could not be obtained using conventional 
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displacement analyses and any reasonable value 
for relative oil and gas permeability. Fig. 6 illus- 
trates the observed and calculated production curve 
of the reservoir. Shown on this chart is the cumulative 
stock-tank recovery vs producing gas-oil ratio. The 
curves are of the actual field performance (center 
curve), the calculated performance using the con- 
ventional Buckley-Leverett displacement (upper 
curve) and the calculated reservoir performance 
using the nonequilibrium displacement (lower curve). 
The same relative permeability data were used in 
both of the calculated cases. 

There was good agreement between all curves 
up to 7 million bbl of cumulative production or to 
the point of gas breakthrough. The slight difference 
shown in the calculated (conventional and nonequi- 
librium) curves in this region is a result of phase 
behavior increasing the displacing-gas viscosity 
and, thereby, increasing the efficiency of the dis- 
placement mechanism. There is, however, a marked 
difference in the results of the two calculations 
during the production history following gas break- 
through. The nonequilibrium indicated a much lower 
producing gas-oil ratio and higher oil production 
than the conventional. This difference results 
solely from the phase reaction of gas behind the 
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FIG. 4—TYPICAL K-VALUE SYSTEM WITH CONSTANT PRESSURE AND TEMPERATURE. 
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front vaporizing the oil at reservoir conditions and 
condensing it out in the separators. The field has 
continued to follow the prediction of the nonequi- 
librium calculation, indicating that the recovery 
mechanism is being accurately simulated with the 
principles used. 

Table 1 is a more detailed comparison of the 
observed field production history with the calculated 
results using nonequilibrium gas displacement. The 
reservoir was divided into 10 segments for the study 
so that the observed and calculated performance is 
presented for each segment and for the field as a 
whole. Note that there is excellent agreement for 
Segments 1 through 9, both at the end of one year 
of injection and at the end of three years. The 
discrepancy in Segment 10 of some 200,000 STB at 
the end of the first year is the result of fillup. 
The reservoir was actually being repressured during 
the first year while the calculation was performed 
for a constant pressure. The 200,000-bbl difference 
between observed and calculated figures is directly 
attributable to fillup and remained stable over the 
three year match of history. Table 2 illustrates the 
change in oil composition, resulting from the injected 
gas repeatedly contacting the reservoir oil. Both 
analyses are at the same reservoir pressure and 
temperature, with the difference in composition 
resulting from the injected gas vaporizing the inter- 
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. 6—FIELD PERFORMANCE OF DRY-GAS-INJEC- 
TION PROGRAM. 


TABLE 1 — COMPARISON OF CALCULATED AND 
OBSERVED FIELD PERFORMANCE 


Cumulative Oil 


Separator Gas-Oil Ratio Production 








Calculated Observed 
1.0 Year 


Segment Calculated Observed 





114,000 
46,000 
30,000 a * 
24,000 No Data 21,000 14,000 


No Data oc - 
No Data ‘is - 
No Data 


20,000 No Data 


1 
2 
3 
4 
5 61,000 56,000 
6 17,000 23,000 
7 
8 
9 
10 


52,000 75,000 
104,000 95,000 
695,000 666,000 
560,000 562,000 
663,000 448,000 


2,157,000 —_ 1,916,000 


15,000 17,000 
13,000 13,000 
10,000 10,000 

5,000 5,000 


10,200 10,000 





3 Years 


244,000 
114,000 


No Data = ~ 
No Data = = 
62,000 No Data - = 
40,000 No Data 24,000 15,000 
30,000 No Data 70,000 60,000 
25,000 No Data 52,000 70,000 
22,000 23,000 143,000 125,000 
21,000 20,000 1,068,000 1,058,000 
18,000 16,000 1,156,000 1,200,000 
10 11,000 10,000 1,203,000 1,010,000 
Total 16,000 15,000 3,718,000 3,544,000 


OANA MN BRWHNH — 





TABLE 2 — EFFECT OF GAS INJECTION ON RESERVOIR 
OIL COMPOSITION, CONSTANT PRESSURE 


__Mol Per Cent 


After 3 Years 
Injection 


Component Original 
GC; 52.0 44.0 
c: 6.3 4.9 
c 5.3 1.5 
c 6.5 0.2 
CG 3.6 0.1 
a 3.4 0.1 
e, 22.9 49.2 

100.0 100.0 


API Gravity 50 37 





mediate (Cy to C5) components out of the reservoir 
oil. The original oil composition was 52 per cent 
methane and 23 per cent C7, components. After 
three years of injection, the oil composition had 
changed to 44 per cent methane and 49 per cent 
Cy7,. The API gravity of the produced crude had 
changed from 50° to 37° API. 


CONCLUSIONS 


Based on the field studies performed to date, 
four basic conclusions have been reached. 

1. Fluid compositional data obtained from the 
nonequilibrium calculation are essential in designing 
surface separation and plant facilities. It was found 
that, because of phase behavior, produced oil and 
gas compositions undergo marked changes during 
the producing history of an injection program, 
necessitating periodic changes in separator con- 
ditions for maximum stock-tank recovery. 
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2. The net effect of phase behavior in all calcula- 
tions performed is to give substantially improved 
recovery and lower gas-oil ratios than would have 
been predicted by conventional methods of analysis. 

3. In the case of volatile oils being produced by 
dry-gas injection, recovery derived from phase 
behavior equaled that of the displacement mechanism. 
Although there are no rules of thumb relating to 
the volatility at which phase behavior becomes 
important, it is felt that dry-gas injection for an oil 
shrinkage of 1.5 or greater justifies a nonequilibrium- 
type analysis. Considering a heavy crude, the non- 
equilibrium displacement analysis is considered 
necessary only for injected-gas compositions of 
15 per cent or more intermediates (C2 to C6). 

4, The basic assumptions and limitations dis- 
cussed earlier do not appear to seriously restrict 
the application of this analysis to field studies. 
In fact, a substantially improved analysis should 
result for reservoirs in which phase behavior is an 
important factor. 


NOMENCLATURE 


v =volume of fluid at reservoir conditions 
= fraction of total flow that is gas 
= relative permeability to oil, fraction 
relative permeability to gas, fraction 
) = reservoir pressure, psia 
mols of gas per mol of total fluid 
average gas saturation in segment, fraction 
reservoir temperature, °R 
= composition of oil, mol fraction 
composition of gas, mol fraction 
composite fluid composition, mol fraction 
gas compressibility 
oil viscosity, cp 
= gas viscosity, cp 
pt = average viscosity 
K = equilibrium vaporization ratio 
m = mols of fluid 
MWT = molecular weight 


R.,4 = bottom-hole flowing gas-oil ratio 


SUBSCRIPTS 


c = critical constants 
S = segment number 
1 = liquid 
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APPENDIX 
BASIC EQUATIONS UTILIZED 
EQUILIBRIUM FLASH 
Equilibrium flash = 
7 Zz 


V +(1/K-1)_ 


What 


zK 
V(K-1) +1 


(3) 


Fq. 1 is used to calculate V the mols of gas per 
mol of fluid, for all reservoir and surface flashes. 
The equation is solved using the Neutonian® itera- 
tion tecnmique. Eqs. 2 and 3 are used to calculate 
the molar composition of equilibrium gas and liquid 


resulting from each flash. 


CALCULATION OF PHYSICAL 
PROPERTIES OF OIL AND GAS 

The following data are calculated as a function 
of composition for both the gas and oil following 
every flash calculation. 


Gas 


1. Gas Compressibility (Z): 

Pseudo-reduced temperature = Ly(p,) /p. 

Pseudo-reduced temperature = Ly(T,) /T. 

Z is evaluated from a table of standard compressi- 
bility vs reduced temperature and pressure. 
2. Gas Viscosity (1g): 

The determination of gas viscosity is based on 
the procedure and curves outlined in Fig. 6 of Ref. 
4, which relates gas viscosity at a given pressure 
and temperature as a function of gas density. Two 
curves are used in the nonequilibrium gas displace- 
ment calculation to bracket the range of reservoir 
pressure. All values of viscosity are determined by 
interpolating between the two curves. 

3. Gas Volume (vg): 

UV, = ZRTmg/p . 

Liquid 
1, Volume Per Mol (v ): 
(a) Laboratory Data — A laboratory curve of mol 
per cubic centimeter vs mol fraction of the ‘‘plus 
component’’ in the liquid is used to calculate 
liquid volume at reservoir conditions. The labora- 
tory-data curves are at two pressures which 
bracket the fange of interest so that any value 
can be obtained by a linear interpolation. These 


basic data are obtained during the K-value deter- 
mination. 





(b) Published data — Apparent liquid density 
_ SU(MWT) (x)] 
~ S[(gal/mol) (x)] 

The calculated liquid density is corrected for 
reservoir pressure and temperature using the pro- 
cedure outlined in Ref. 5. 

This corrected density is then used to calculate 
a correct volume per mol for liquid using the fol- 
lowing procedure. 


> ((MWT) (x)] 


corrected liquid density 








vj = 


2. Liquid Viscosity: 

These data are obtained from two laboratory- 
determined curves of viscosity vs the mol fraction 
of plus component in the liquid for two pressures 
which bracket the pressure range of interest. 


DISPLACEMENT AND TWO-PHASE FLOW 


(2\(‘2) d (In Kg/Kg) 
df, |\fo/\Kg d(S,) 


“i [(@@] 
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aS, Sg 

Eqs. 4 and 5 (Buckley-Leverett displacement) are 
solved simultaneously for a value of S, at the dis- 
placing-gas front that will satisfy Eq. 6. The 
Neutonian iteration technique? is used for this 
solution. These equations are used to determine 
the volume of fluid displaced from the segment which 
is being invaded by the front. 


K Ho iad 
os oie. a ee 


Eq. 7 is used to determine the relative volume of 
oil and gas flowing in each segment behind and 
ahead of the front. 

FLUID COMPOSITIONS :(z,) 


The composition and volumes of fluid in each 
segment at the beginning of one displacement step 
is derived from four sources, as indicated by Eq. 8. 


(mol of disp. gas) <-4 (y)s—1 
+ (mol of resid. gas), (y), 
+ (mol of disp. liq.) <4 (*) 5-4 


P -- (mol of resid. liq.) (x), 





~ (mol of disp.liq.and gas +resid.liq.and gas) 
eee es ee . (8) 
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Multiple Liquid Phases in a Natural-Gas System 


LOWELL STROUD 
WILL E. DE VANEY 
JOHN E. MILLER 


ABSTRACT 


During a recent phase study of a natural gas, two 
stable equilibrium liquid phases were observed at 
temperatures below —200°F and pressures above 
200 psi. This paper reviews the published literature 
on the occurrence of multiple equilibrium liquid 
phases and presents analytical data for the vapor 
and two equilibrium liquid phases of the liquefied 
natural gas at five experimental conditions. In 
addition, data for 30 conditions of two-phase equi- 
libria are included. ; 


INTRODUCTION 


The low-temperature phase behavior of gases, 
most of which contained helium, has been investigated 
in the laboratories of the Helium Activity for many 
years. Since 1952, experimental studies of these 
systems have been continuous as part of the research 
program at Amarillo, Tex. Because of their value 
to private industries interested in participating in 
the Helium Conservation Program, several ‘‘Open 
File’’ reports containing phase equilibria data for 
helium-bearing natural gases have already been 
released by the Helium Activity. A paper containing 
information on the general phase behavior, operat- 
ing criteria and extensive vapor-liquid data for two 
helium-containing systems was recently published.” 
Additional publications presenting experimental 
data on the phase relationships of various gas 
systems are now in process and will be available 
in the near future. 


PREVIOUS EXPERIMENTAL WORK 


Although the formation of multiple liquids has 
been reported for various systems, to our knowledge 
this paper is the only substantiated evidence of a 
vapor-liquid-liquid equilibria in a naturally occurring 
gas. In 1940, Vink, Ames, and others!3 reported 
the presence of two liquid phases in a hydrocarbon 
system consisting of mixtures of crude oils, solvents 
and natural gas. Eilerts and co-workers7 published 
data on the recombined fluids from a gas-condensate 
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well. This condensed gas, containing approximately 
76 per cent methane and 24 per cent ethane-plus, 
exhibited two distinct liquid phases. Weinaug and 
Bradley14 observed ‘‘unusual’’ phase behavior in 
a reservoir mixture. These workers postulated that 
the anomalous phase behavior was due to the 
“imminent formation of a second liquid phase’’. 
Botkin, Reamer, Sage and Lacey! studied two 
California crude oils that exhibited multiple phases. 
Kohn and Kurata! recently reported two equilibrium 
liquid phases inthe methane-hydrogen sulfide system. 
Rooi and Crawford1!1 and Eakin, et al,© also have 
reported experiments with binary systems that formed 
two stable equilibrium liquid phases. 


APPARATUS AND PROCEDURE 


A U. S. Bureau of Mines Phase Equilibrium Appa- 
ratus was used in conducting this study. The appa- 
ratus and procedures employed in its operation have 
been previously described3 and will not be repeated 
in detail in this ceport. Briefly, the apparatus con- 
sists of a windowed cell which can be maintained 
within +0.5°F for temperatures between room tem- 
perature and -320°F. Pressure within the cell can 
be maintained within 0.1 per cent of gauge reading 
up to 800 psig. 


Equilibrium vapor and liquid samples are obtained 
in special containers4 for analysis by a mass spec- 
trometer. Although the accuracy of the analyzer is 
about +0.1 mol per cent, the reproducibility of the 
phase-equilibrium apparatus is considered relatively 
poor. Values reported from methane and nitrogen are 
considered accurate to +1.0 and +0.6 mol per cent. 
Data for ethane-plus in the vapor are accurate with- 
in 0.2 mol per cent; liquid-phase data for this aggre- 
gate component are accurate within 1.5 mol per cent. 
For helium in the vapor phase, the analytical data 
are accurate within 0.2 mol per cent; liquid-phase 
analyses for this component were obtained by the 
charcoal adsorption method described by Frost® 
and are accurate within 0.006 mol per cent. 


All of these references to the accuracy of reported 
values are conservative estimates based upon a 
statistical treatment of reproducibility data obtained 
with the apparatus. 





MATERIALS 


The natural gas from which dual liquid phases 
were produced was obtained from the inlet gas line 
to the Navajo helium plant at Shiprock, N.M. At the 
time of sample collection in 1958, the plant was 
supplied with the helium-bearing natural gas from 
Pan American Petroleum Corp. Wells 13 and 17, 
located in the Hogback field of San Juan County, N.M. 

Composition of the gas is shown in Table 1. Carbon 
dioxide, present to the extent of 2.2 mol per cent, 
and traces of moisture were removed from the gas 
before experimentation; therefore, the data of Table 
1 are on a CO)- and water-free basis. For reporting 
convenience, the gas is considered as one of only 
six components — methane, ethane, propane, butanes- 
plus, nitrogen (including argon) and helium. 


The composition of Hogback gas differs greatly 
from most helium-bearing natural gases. Methane 
concentration in Hogback is less than that of nitrogen 
and is only about half that in the natural gases 
supplied to other Bureau of Mines plants. The nitrogen 
content is twice that in the gas processed at the 
Amarillo, Tex., and Keyes, Okla., plants and is more 
than three times that in the gas supplying the Exell, 
Tex. helium plant. Even more unusual is the high 
helium content of Hogback gas — more than three 
times that in Amarillo or Keyes gases, and seven 
times that in Exell gas. 


EXPERIMENTAL RESULTS 
VAPOR-LIQUID DATA 


Results of mass spectrometer analyses of two- 
phase equilibria in Hogback gas are shown in Tables 
2 and 3. 

As an illustration of general phase behavior, the 
400-psia data are plotted in Fig. 1. 

It should be emphasized that the data shown in 
Tables 2 and 3 and Fig. 1 apply only to two-phase 
vapor-liquid equilibria in Hogback gas. At lower 
temperatures and at pressures above 200 psi, two 
stable liquid phases formed; data for these condi- 
tions are treated separately in the following section 
of this paper. Fig. 1 does not show a maximum 
value for nitrogen in the vapor — a common char- 





TABLE 1 — COMPOSITION OF HOGBACK GAS 
(MOL PER CENT) 


12-Component Analysis 6-Component Analysis 
Methes* 32.9 32.9 
Et!ane 3.3 3.3 
Propane 1.8 


Component 





Butane 

lsobutane 2.6 
Pentane 

lsopentane 

Cyclopentane 

Hexanes-plus 


Nitrogen 
Argon 


Helium 


Press. 
(psia) 


TABLE 2 — VAPOR PHASE, HOGBACK GAS 
(MOL PER CENT) 
Temper- 
ature 


CF) 


Butanes- Nitro- 


Methane Ethane Propane plus gen Helium 





100 


34.5 3.0 1.0 0.0 
33.7 2.8 3 ol 52.9 
34.2 2.0 ol 0 55.8 
33.9 1.0 od 1 = 56.8 
34.4 4 0 -l = 57.0 
32.0 a) 0 0 59.8 
20.1 od 0 0 70.0 


34.5 6 ol 54.7 
34.7 od l= 55.8 
34.4 ol 0 56.2 
34.9 0 ol 56.4 
32.2 0 st Sed 
23.4 0 0 66.7 


34.5 5 ol «=—Sa0 
34.3 2 55.9 
34.2 Tr. 57.0 
32.7 Tr. 58.3 
29.5 0 61.9 
17.5 0 71.2 


34.6 4 55.2 
34.4 od 56.7 
33.6 od 57.1 
32.2 0 58.7 
26.3 0 65.3 
13.5 0 71.6 
34.6 4 55.5 
34,2 2 56.7 
33.3 od 57.5 
30.9 Tr. 59.6 
24.6 0 64.9 


-100 54.3 
-125 
-150 
-175 
—200 
—225 
-250 


-100 
-125 
-150 
-175 
—200 
—225 


-100 
-125 
-150 
-175 
—200 
-225 


—100 
-125 
—150 
-175 
—200 
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-100 
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Tr. is less than 0.05 mol per cent. 








Press. 
(psia) 


TABLE 3 — LIQUID PHASE, HOGBACK GAS 
(MOL PER CENT) 
Temper- 
ature 


CF) 


Butanes- Nitro- 


Methane Ethane Propane plus gen Helium 





100 


— 100 4.8 8.2 
-125 5.2 16.1 
-150 7.6 22.9 
-175 11.9 28.2 
-200 22.2 35.4 
-225 37.2 25.3 
-250 53.4 13.2 
—100 9.9 15.2 
—125 11.6 22.3 
-150 17.1 22.9 
-175 21.6 27.3 22.3 27.4 009 
-200 36.8 24.7 15.9 18.7 005 
-225 59.2 13.4 8.1 8.8 015 
-100 12.0 17.7 26.7 40.6 017 
-125 15.2 23.4 6.1 34.3 -030 
-150 20.1 27.2 23.3 27.3 023 
-175 31.1 25.4 18.6 21.5 +020 
-200 48.7 18.1 11.6 14.0 020 
-225 58.2 9.1 5.3 6.0 -038 


-100 17.0 20.0 21.2 35.4 029 
-125 20.1 23.5 23.0 29.1 -058 
-150 24.2 24.1 20.1 27.7 063 
-175 37.4 21.9 15.8 19.2 032 
-200 549 13.8 8.4 9.2 043 
-225 50.8 6.3 3.8 5.5 142 


-100 188 19.3 23.0 33.7 043 
-125 21.6 20.1 20.0 33.0 082 
-150 31.1 24.0 13.7 22.7 066 
-175 42.8 19.7 13.5 15.5 048 
-200 54.2 11.1 6.9 7.4 0114 


27.1 
33.9 
30.3 
27.5 
19.0 
15.8 
10.3 
28.4 
27.9 
21.9 


57.6 2.4 .016 
44.5 005 
39.1 -007 
32.3 -005 
21.2 002 
19.4 002 
15.5 005 
43.8 018 
35.8 012 
35.5 008 
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FIG. 1—VAPOR-LIQUID DATA, HOGBACK GAS, 400 
PSIA. 


acteristic for nitrogen in natural-gas phase relation- 
ship data — because colder temperatures which 
would have been required to produce it resulted in 
the formation of two liquids. A maximum concentra- 
tion of methane in the liquid was reached before 
the anomalous phase behavior occurred and is shown 
in the figure. It is also noted that the helium content 


of the vapor phase increases sharply at temperatures 
below —200°F. 


VAPOR-LIQUID-LIQUID DATA 


At 500 psia and —250°F, it was observed that two 
stable equilibrium liquid phases were present. Runs 
at 200, 300 and 400 psia and —250°F, and 500 psia 
and —225°F also produced the anomalous phase 
behavior. Samples of the vapor and both liquid 
phases were taken at these five conditions. The 
analytical results are presented in Table 4, and a 
photograph showing two equilibrium liquid phases 


FIG. 2—TWO EQUILIBRIUM LIQUID PHASES IN HOG- 
BACK GAS AT 400 PSIA AND -250°F. 


in Hogback gas at 400 psia and —250°F is shown 
in Fig. 2. 

What appears to be a white material on the window 
of the cell is actually a deposit of finely divided 
metal from a stirrer blade that had contacted the 
inside surface of the window during operation of 
the apparatus prior to the present study. 


The experimental apparatus was not designed to 
permit direct sampling of two discrete liquid phases; 
however, by sampling the lower liquid and then 
carefully draining the cell until only the upper 
liquid remained, fairly representative samples of 
the upper liquid were obtained. The limitations of 
this sampling technique were recognized but it was 
considered worthwhile to obtain samples of the upper 
liquid, even though the analytical data might not 
represent true equilibrium conditions. Vink13 and 


‘ co-workers encountered a similar problem; they had 


to void the vapor and upper liquid phases in order 
to sample a lower liquid phase. 


Although the data contained in Table 4 are too 
few for significant representation by plotting, they 





TABLE 4 — VAPOR-LIQUID-LIQUID COMPOSITIONS, HOGBACK GAS (MOL PER CENT) 


200 psia 
— 250 °F 


300 psia 
— 250 °F 


— 250 °F 


400 psia 500 psia 500 psia 


— 250 °F — 225 °F 





Upper Lower Upper Lower 


Upper Lower Upper Lower Upper Lower 


Component Vapor Liquid Liquid Vapor Liquid Liquid Vapor Liquid Liquid Vapor Liquid Liquid Vapor Liquid Liquid 
Methane 7.6 50.7 50.9 7.6 41.7 28.8 5.3 39.0 25.9 4.4 38.4 34.2 12.1 43.7 41.0 
Ethane Trace* 12.5 13.3 0.0 3.7 12.4 0.0 3.5 13.9 Trace 5.1 13.8 0.1 4.5 12.4 
Ethane-plus Trace 31.7 33.5 Trace 7.3 45.8 0.0 6.6 52.1 0.1 14,1 54.1 0.2 10.3 43.5 
Nitrogen tae? VRS 15.5 69.5 50.6 15.4 57.5 53.9 11.8 48.8 46.9 11.6 67.9 45.7 ° 15.4 
Helium 16.7 .046 011 22.8 149 -040 37.1 2389 034 46.8 511 055 19.9 -383 -058 


* Trace indicates less than 0.05 mol per cent. 
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do reveal the following. 

1. At 200 psia and -250°F, the compositions of 
the two liquid phases are almost identical except 
for their helium contents. The upper liquid contained 
about four times the helium concentration in the 
lower liquid. 

2. With respect to the 300 and 400 psia data at 
~250°F, the corresponding liquid phases at each 
pressure, except for helium content, are fairly 
similar in composition. The chief difference in the 
vapor phases at these two conditions is a helium 
content of 37.1 mol per cent at 400 psia, compared 
to 22.8 mol per cent at 300 psia. This difference in 
the partial pressure of helium may account for the 
increased helium concentration in the upper liquid 
at the higher pressure. The helium contents of the 
lower liquids at both pressures are about the same. 

3. Comparison of the 400 and 500 psia data at 
-250°F shows the chief difference to be in the 
vapor phases, where the helium content at 500 psia 
is 46.8 mol per cent compared to 37.1 mol per cent 
at 400 psia. The helium content of the upper liquid 
at 500 psia is .511 compared to .389 mol per cent 
at the lower pressure. 

4, The ratio of helium content in the upper liquid 
to that in the lower liquid is approximately four 
at both 200 and 300 psia and -250°F; at 400 and 
500 psia this ratio is about 10 and may be a reflec- 
tion of the increased partial pressure of helium due 
to increasing helium concentration in the vapor 
phase. The concentration of helium in the lower 
liquids increases about fourfold between 200 and 
300 psia and then remains essentially constant at 
the higher pressures. 

5. Comparison of the 500 psia data at —225° and 
-250°F shows the effect of reduced temperature at 
constant pressure. Considerably less methane and 
nitrogen content in the vapor phase at the colder 
temperature result because of the increase in the 
per cent of the feed gas that is condensed. As a 
consequence, the helium content of the vapor phase 
more than doubled, increasing from 19.9 mol per cent 
at ~225°F to 46.8 per cent at —250°F; the composi- 
tion of the two liquid phases, except for ethane-plus, 
does not change markedly as a result of the lower 
temperature. The helium content of the upper liquid 
phase increased from .383 mol per cent at —225°F 
to .511 at ~250°F, while the helium content of the 
lower liquid remained essentially unchanged. 


DISCUSSION AND CONCLUSIONS 


The limited vapor-liquid-liquid data obtained in 


this study are too meager for adequate interpretation. 
The sampling technique which had to be employed 
for the upper liquid phase probably introduced errors 
which prevent the analytical data from being exactly 
representative of equilibrium conditions. For this 
reason no emphasis has been placed on determining 
equilibrium vaporization constants, K, for the various 
components. Nevertheless, the unusual phase be- 
havior of Hogback gas merits some discussion. 
The anomalous behavior of Hogback gas probably 
is not a retrograde phenomenon. The only apparent 
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requirements for the formation of the two liquid 
phases were that the temperature be colder than 
about —200° or -225°F and the pressure be higher 
than about 200 psi. 

Glasstone? points out that two partially miscible 
liquids may, upon saturation with each other, become 
a conjugate solution wherein the two liquid systems 
are in equilibrium with each other. As the temperature 
is raised, the composition of the two layers approach 
each other (note data for 200 psia and —250°F in 
Table 4). The mutual solubilities of the two liquids 
increase with increasing temperature, and finally 
a point is reached where the two liquids become 
identical in composition. The temperature at which 
this occurs is known either as the critical solution 
temperature (D. O. Masson, 1891) or the consolute 
temperature (W. D. Bancroft, 1894) of the system. 

Although the critical solution temperature of 
Hogback gas was not determined precisely, visual 
observations during the tests indicated it to be 
between —200° and —225°F. The minimum pressure 
required to obtain two liquid phases appeared to 
be about 200 psi. Data shown in Table 4 for this 
pressure and —250°F show a similarity in composi- 
tion between both liquids, indicating proximity to 
critical solution conditions. 

During the summer of 1959, water flooding of the 
Hogback wells occurred and the wells were reworked 
and extended to lower depths. Samples taken after 
these modifications show compositions radically 
different from that used in this study. This has pre- 
cluded any further study of the unusual behavior 
exhibited by the original gas, but gas from the 
Pan American Corp. Navajo C-1 well, now supply- 
ing the Bureau of Mines helium plant at Ship- 
rock, is known to exhibit multiple condensed phases. 
A phase study of this system has been scheduled 
for next year. 

In an effort to produce a two-liquid system, a 
synthetic mixture containing nitrogen, methane, 
ethane and helium, in concentrations equivalent to 
their values in Hogback gas, was prepared. Several 
experiments with this mixture, including all those 
that resulted in two liquid phases in Hogback gas, 
plus additional runs at temperatures as low as 
-320°F, failed to produce two liquids. It might be 
concluded, therefore, that hydrocarbons heavier than 
ethane in Hogback gas were responsible for the 
two-liquid phase formation in that system. The 
presence of a nonparaffinic hydrocarbon compound 
has been suggested recently as a cause of the 
unusual phase behavior in Hogback gas. As a part 
of the future study of Pan American Navajo C-1 gas, 
analyses for benzene and other nonparaffinic hydro- 
carbons will be made. 
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The Calculated Performance of Solution-Gas-Drive 
Reservoirs 
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ABSTRACT 


Several methods are available for calculating the 
performance of solution-gas-drive reservoirs from 
the PVT properties of the oil and from the relative 
permeability and other properties of the formation. 
These methods require a number of simplifying as- 
sumptions. The present method of computation has 
made use of a high-speed computer to solve simul- 
taneously the nonlinear partial differential equations 
that describe two-phase flow by solution-gas drive 
in order to calculate the performance of a reservoir. 
Some of the results obtained by the nonlinear partial 
differential equation solution are compared with 
those obtained with an approximate method, which 
has been called the semisteady-state solution. The 
pressure and saturation profiles from the wellbore 
to outer boundary calculated by the two methods are 
compared for one constant-terminal-rate case and 
two constant-terminal-pressure cases. The agree- 
ment in these profiles, as well as in the values of 
average reservoir pressure and cumulative recovery, 
leads to the conclusion that, for most engineering 
calculations, the semisteady-state method will give 
a reasonable approximation to the numerical solution 
of the differential equations describing solution-gas 
drive. 

An unfavorable (as regards ultimate oil production) 
set of relative permeability curvc. was used in the 
calculations in the belief that the effect of the 
parameters which were studied would be emphasized 
to a greater degree. Furthermore, the reservoir was 
assumed to be completely homogeneous, and these 
results should not be considered applicable to any 
other type of reservoir. Gravity effects are not con- 
sidered. 

The absolute permeability was varied from 25 to 
0.5 md. At an economic limit of 2 B/D, the recovery 
for a 25-md reservoir is about 1.8 times as great as 
that for a 0.5-md reservoir. The effect of permea- 
bility on the producing gas-oil ratio is minor. Once 
PVT properties of the oil and the relative permea- 
bility properties of the reservoir are fixed, the pro- 
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ducing gas-oil ratio is found to be a function of the 
fraction of oil recovered. 

Well spacings of 10, 40 and 80 acres were con- 
sidered. For the assumed homogeneous-reservoir 
properties, the effect of spacing on recovery at an 
economic limit of 2 B/D was very slight. 

Certain dimensionless groups can be used to 
extend the results to other fields having different 
permeabilities, spacings, reservoir thicknesses, 
well radii and porosities, so long as the PVT and 
relative permeability properties are similar to those 
used in this paper. 


INTRODUCTION 


An important aspect of reservoir engineering is 
the prediction of the performance of the reservoir 
based on the limited information normally available 
early in the life of a field. Usually, soon after a 
field has been discovered, it is necessary to decide 
upon the spacing to be employed and the production 
program to be used for most efficient utilization of 
reservoir energy. Where these decisions have not 
been dictated by legal or political considerations, 
they have frequently been based on experience 
factors which indicate that two fields with similar 
characteristics will probably have similar perform- 
ances. To the extent that the industry has been 
successful in economically exploiting oil reservoirs, 
this rule-of-thumb method has been found to have 
merit. 

A large amount of theory has been developed 
with which it is possible to predict the performance 
of a reservoir by using certain known properties of 
the oil and the formation. Because of the difficulties 
of the mathematics involved for a drainage area 
having square or rectangular boundaries, the problem 
usually has been simplified and idealized by assum- 
ing each drainage area to have radial symmetry and 
the field to be represented by a number of these 
drainage areas, Muskat! was one of the first to 
formulate the theory for two-phase flow and to solve 
the equations for a few cases by numerical integra- 
tion, using the relatively slow means of computing 
available at that time. His equations describing 





lReferences given at end of paper. 
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multiphase flow in the presence of gravity are called 
*‘exact’’ equations in this paper, even though it is 
recognized they require gross assumptions regarding 
phase behavior and relative permeability concepts. 
Muskat later? simplified the two nonlinear, second- 
order differential equations to one nonlinear, first- 
order differential equation giving an approximation 
that could be solved easily by numerical methods. 
This gave a means of determining the pressure and 
saturation of the reservoir at the external boundary 
and of calculating an ‘‘average’’ performance of the 
reservoir. Calculations showing the effect of reser- 
voir fluid and rock characteristics on production 
histories were made by Muskat and Taylor? in 1946. 
In 1955, Arps and Roberts* used the simplified 
equation of Muskat to calculate the performance of 
solution-gas-drive reservoirs for a large number of 
different relative permeability ratios and solution- 
gas-oil ratios. The curves presented in their paper 
gave a rapid means of determining the relation be- 
tween recovery and average pressure in a reservoir 
if the average k,/ko, solution gas-oil ratio and oil 
gravity were known. 


The development of the very high-speed computer 
with large storage capacity made possible a numer- 
ical solution of the ‘‘exact’’ equations for unsteady- 
state two-phase flow. West, Garvin and Sheldon5 
were the first ones to do this by replacing the deriv- 
atives by finite differences. Their method was pro- 
gramed for the IBM 701 computer, and the results 
for one set of conditions were presented for both a 
radial and a linear flow system. The present report 
will show the results obtained by a variation of the 
West method used with a program written for the IBM 
704 computer. Some details of this method will be 
discussed later. In addition, the results of the exact 
method (that is, the computational results of the 
finite-difference equations representing the exact 
equations of Ref. 1) will also be compared with the 
semisteady-state results for three cases. 


PURPOSE OF THE WORK 


This work was undertaken for three primary pur- 
poses: (1) to compare the solution-gas-drive results 
obtained by the exact method with those obtained 
by an approximate method in order to determine 
whether the latter is suitable for engineering pur- 
poses; (2) to compare a constant-terminal-rate with 
a constant-terminal-pressure method of production; 
and (3) to determine the effect of absolute permea- 
bility and spacing on the recovery at economic 
limit from homogeneous solution-gas-drive reser- 
voirs, 


These objectives have been reached only to the 
extent that a single set of PVT and relative per- 
meability data has been used. In a sense, therefore, 
the work to be discussed is exploratory, and the 
objectives will not be attained entirely until other 
cases are considered. 
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RESERVOIR CHARACTERISTICS 
AND ASSUMPTIONS 


The PVT properties of the oil and gas are shown 
in Fig. 1. Fig. 2 gives the gas and oil relative per- 
meability relationship. It is apparent to one ac- 
quainted with various types of relative permeability 
curves that the ones shown are ‘‘unfavorable’’; that 
is, they will result in a low ultimate oil production. 
These curves were chosen intentionally, with the 
idea that such relative permeability data might 
emphasize the effect of the various parameters. 

It was assumed that the reservoir was at the 
bubble-point pressure and had the following addi- 
tional characteristics: ¢ = 0.139, Sy¢- = 0.177, b = 
23.5 ft, 7, = 1/3 ft and pz = 2,060 psig. 

Three different external boundary distances were 
used — 372, 745 and 1,053 ft — corresponding to an 
equivalent circular area of 10, 40 and 80 acres, 
respectively. The reservoir was assumed to be 
horizontal, completely homogeneous and not to be 
affected by gravity. Vertical differences in pressure 
due to hydrostatic gradient were neglected. The 
relative permeability values indicated by Fig. 2 
were assumed to be independent of the absolute 
permeability of the formation. At the critical gas 
saturation of 2 per cent (corresponding to a total 
liquid saturation of 98 per cent), the relative per- 
meability to gas was taken to be zero. There was 
no free gas initially in the reservoir. 

Throughout this report, the term ‘‘economic limit’’ 
will refer to an arbitrarily chosen minimum produc- 
tion rate of 2 BOPD. Thus, the oil recovery at 


bbI/bbI— 





bbi/cu ft 


cu ft / bbl 








i | L 0 
1000 1500 2000 - 2500 
PRESSURE, psia 





1 — PVT PROPERTIES OF THE OIL AND GAS. 


143 





economic limit will mean the cumulative recovery 
when the production rate has reached 2 B/D. This 
cumulative recovery will be expressed either in 
barrels or as a per cent of the initial oil in place. 


The program for solution of the exact equations 
on the IBM 704 allows one to specify either the 
wellbore rate or pressure as a function of time. In 
addition, one other condition must be specified, 
namely, the minimum pressure to which the produc- 
ing well can go. For all the calculations of this 
report, the minimum well pressure was assumed to 
be 50 psig. In those cases where the specified rate 
could be maintained long enough to obtain a cumu- 
lative recovery of at least 3 per cent of the initial 
oil in place, the problem has been called a ‘‘con- 
stant-terminal-rate’’ case. Where the specified rate 
could not be maintained for this amount of production, 
the problem has been called a ‘‘constant-terminal- 
pressure’ case. Obviously, all problems automati- 
cally became constant-terminal-pressure cases when 
the wellbore pressure reached 50 psig. 
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FIG. 2 — GAS AND OIL RELATIVE PERMEABILITY 
PROPERTIES OF THE RESERVOIR. 


METHODS OF SOLUTION 


The preceding section discussed the properties 
of the reservoir rock and the crude in it, as well as 
the shape and orientation of the reservoir itself. It 
also mentioned that gravity effects were neglected. 
Two different things are meant by this: (1) buoyancy 
effects resulting from density difference were not 
considered; and (2) the effect of the varying hydro- 
static head on the pressure at the various elevations 
throughout the thickness of the formation was neg- 
lected. If this last effect were not neglected, then 
at any fixed distance from the well the pressure 
would be lowest at the top of the formation and 
more gas would be evolved at the top of the forma- 
tion than at any point directly below it. This would 
necessitate determining the pressure and satura- 
tion not only as a function of the distance from 
the well, but also as a function of the vertical 
position within the reservoir. This cannot be done 
with available methods. In neglecting both gravity 
effects, in fact, we are essentially considering an 
infinitesimally thin reservoir. Of course, results 
based on this thin-reservoir concept are applied 
later to practical cases where variations in hydro- 
static head may be as large as 100 psi (and higher), 
but usually-are less, Also, when a nominal back- 
pressure of, say 50 psig is put on a formation, the 
actual back-pressure will depend on the position 
along the producing interval. These nominal back- 
pressures are usually referred to the midpoint of 
the producing interval. Although not strictly so, 
the numerical results based on the thin-reservoir 
concept will refer to the horizontal plane through 
the midpoint of the producing interval. The pres- 
sure and saturation are then only a function of the 
distance from the well, and the system of differen- 
tial equations describing solution-gas-drive reser- 
voirs can be written as 
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At the outer boundary, both pressure and satura- 
tion gradients vanish, whereas at the well the pro- 
duction rate or the pressure can be specified. In 
addition, the initial pressure and saturation distri- 
bution are specified. 

This system of differential equations and its 
associated conditions have been solved by two 
different methods, both numerical. In one method, 
Eqs. 1 and 2 are represented by finite-difference 
equations after the substitution 
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has been made. The range of a is divided into M 
equal increments, as shown schematically in Fig. 
3. (M = 30 for most of the calculations in this report.) 
The pressures are obtained at the midpoint of the 
cells, whereas the saturations are obtained at the 
cell boundaries. Whenever saturations are needed 
at the midpoints of the cells, these are obtained 
from the arithmetic average of the saturations at 
the adjoining cell interfaces. The resultant equa- 
tions are, in general, 
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These equations are modified near the inner and 
outer boundaries to incorporate the proper boundary 
conditions and are then solved on an IBM 704, by 
procedures similar to those reported by West, Garvin 
and Sheldon,> to give pressure and saturations at 
the time increment 1/2. The pressures and satura- 
tions corresponding to the end of the time step are 
obtained from those at the beginning and midpoint 
of the time step by linear extrapolation. 

The program is designed to double the time in- 
terval of each succeeding time step, providing this 
gives convergence. There are also provisions for 
reducing the time interval to any level required to 
give a convergent series of iterations. A maximum 
time interval could also be specified. About 40 
time steps were usually required to complete a 
problem. 

It should be pointed out that significant cumula- 
tive errors can result from approximating the deriv- 
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atives by finite differences. However, cumulative 
material balances run at each time step indicated 
small errors, with representative errors at the end 
of the run being 1 bbl of oil and 800 cu ft of gas. 


The factor 5.615 appearing in Eqs. 4 and 5 and 
the factor 1.127 x 10-3 appearing in Eqs. 6 and 7 
result from the fact that input data for the problem 
are expressed in practical engineering units. That 
is, data required for the system of Eqs. 4 through 7 
are given in units of barrels per day, feet, centi- 
poise, millidarcies and pounds per square inch. In 
fact, except in the basic Eqs. 1 and 2, practical 
units are used throughout this report. 

It was stated earlier in this report that one of the 
purposes of the work was to compare the numerical 
solution of Eqs. 1 and 2 with the solution obtained 
by an approximate method which will be called the 
semisteady-state solution. The present authors wish 
to point out that the basic derivation of the approx- 
imate method was undertaken many years ago by A. 
F. van Everdingen, E. H. Timmerman and G. Stewart 
of Shell Oil Co., but the results have never been 
publicly circulated. More recently, the Koninklijke/ 
Shell Laboratorium, The Netherlands, have used 
the assumptions proposed by van Everdingen, Tim- 
merman and Stewart to derive an equation which 
could be integrated very simply on a medium-speed 
computer. 

The approximation proposed by van Everdingen, 
et al, consisted in assuming that, at any one instant 
of time, both the rate of decline of stock oil in place 
and the total gas-oil ratio are everywhere constant. 
With the assumption that the rate of decline of 
stock oil in place is everywhere constant, the right- 
hand side of Eq. 1 becomes equal to the production 
rate divided by the reservoir pore volume. Workers 
at the Koninklijke/Shell Laboratorium have pointed 
out that the resultant expression can be integrated 
directly to give 
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when the integrand is evaluated at comstant GOR 
conditions. The pressure and saturation relation- 
ship which results in a constant total GOR every- 
where is the same as given by Muskat,2 and is 
called the differential material balance. Results of 


23 


s 


























INNER 
BOUNDARY 
FIG. 3—SPACE POSITIONS AT WHICH PRESSURES AND 
SATURATIONS ARE CALCULATED IN THE EXACT 
SOLUTION. 
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this single integration of Eq. 8 will yield pressures 
and saturations as a function of rp, and further 
manipulation of the results will yield production- 
history curves. 


NUMERICAL RESULTS 


COMPARISON OF THE EXACT 
AND APPROXIMATE METHODS 

One of the purposes of this study was to compare 
results obtained by the exact and the approximate 
(or semisteady-state) methods of solution, discussed 
previously. For this comparison, three cases were 
calculated by the exact method on the IBM 704, 
and some of the same data were used to obtain a 
solution by the approximate method. Table 1 shows 
the results for a constant-terminal-rate case in a 
reservoir with 40-acre spacing and 25-md permea- 
bility. The external boundary pressures and pro- 
duction rates used were the same as those calcu- 
lated by the IBM 704, and the pressure and satura- 
tion distribution, average pressure and per cent 
recovery were calculated for several periods in the 
production history. It can be seen that the results 
agree quite well. The average reservoir pressures 
are always within a few pounds per square inch, 
although this result is not surprising since the 
outer boundary pressures were assumed to be the 
same and the average pressure is always nearly 
equal to the outer boundary pressure. The recoveries 
are also in-very good agreement by both methods. 
The biggest difference is in the producing gas-oil 
ratios, which are too low by the approximate method 
when the reservoir is producing at the assumed 
constant rate and too high when the rate can no 
longer be maintained and the problem becomes 
essentially a constant-terminal-pressure case. In 
every case, the constant gas-oil ratio used for the 
approximate method is that obtained from the dif- 
ferential material balance for the pressure and 
saturation at the outer boundary. This present case 
and the other two to be discussed later all indicate 
that, later in the life of a field, the actual gas-oil 
ratio is more favorable (lower) than would be anti- 
cipated from the differential material balance at 
the same average reservoir pressure. The higher 
gas-oil ratios are the result of the lower oil satura- 
tions calculated by the approximate method than 
those obtained by the exact method. This can be 
seen in Fig. 4, which shows the pressure and 
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FIG. 4—PRESSURE AND SATURATION PROFILES FOR 
A CONSTANT-TERMINAL-RATE CASE. 


saturation distributions throughout the reservoir 
obtained by both methods. It is evident that in this 
case the semisteady-state method gives too high a 
pressure near the wellbore and, therefore, a some- 
what higher pressure distribution throughout the 
reservoir at any given instant. Tor the correspond- 
ing times, the oil saturations throughout the reser- 
voir are first slightly higher by the approximate 
method and then slightly lower. However, as indi- 
cated in Table 1 and Fig. 4, the general results 
obtained by the two methods are in reasonable 
agreement. It should be pointed out that the use of 
a log scale to plot the radial distances for the 
pressure and saturation distributions shown in Fig. 
4 (also Figs. 5 and 6) essentially overemphasizes 
that portion near the producing well, which com- 
prises a very small percentage of the drainage 





TABLE 1 — COMPARISON OF THE EXACT AND APPROXIMATE METHODS 
FOR THE SAME PRODUCTION RATE AND EXTERNAL BOUNDARY PRESSURE 
Dp Nop R by 
Curves Pe Io (psia) (per cent) (cu ft/bbl) (psia) 
(Fig. 4) (psia) (B/D) Exact Approx. Exact Approx. Exact 


a—a" 1,770 50.0 1,751 1,751 3.34 3.36 2,340 2,350 
b—b° 1,605 50.0 1,581 1,581 4.28 4.23 4,570 4,150 
c-c" 1,485 50.0 1,453 1,457 4.75 4.67 6,610 5,840 
d—d" 1,400 50.0 1,368 1,368 4.99 4.92 7,680 7,320 
e-e 1,335 26.8 1,086 “1,088 5.64 5.62 12,790 13, 150 
f—f° 730 10.1* 711 712 6.24 6.26 21,110 23, 130 
9-9 240 1,14** 233 235 6.83 6.91 27,730 30,210 


*g, = 9.71 B/D by the approximate method. 
**g,= 1.02 B/D by the approximate method. 
' 





Approx. Approx. 
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FIG. 6—PRESSURE AND SATURATION PROFILES FOR 


FIG. 5—PRESSURE AND SATURATION PROFILES FOR 
A CONSTANT-TERMINAL-PRESSURE CASE, k = 25 MD. 
volume. 

Table 2 gives a comparison of the results for 
two constant-terminal-pressure cases for reservoirs 


A CONSTANT-TERMINAL-PRESSURE CASE, k = 2.5 MD. 


lated for the 25-md reservoir at a value of p, = 
1,757 psia. As the outer boundary pressures de- 
crease, however, the production rates agree more 


closely. For the 2.5-md case, the agreement is 
good in all instances. The pressure and saturation 
distributions for these two cases are shown in Figs. 
5 and 6, respectively. The pressure distributions 
in both cases are almost identical but, of course, 
were assumed to be the same at the inner and outer 
boundaries. The slight differences in saturation 
distributions are the result of the assumptions made 
for the semisteady-state method. 

Fig. 7 shows a typical set of curves of gas-oil 
ratio as a function of radius for the 2.5-md reser- 


of 80-acre spacing and of 25-md and 2.5-md perme- 
ability, respectively. In both cases, the approximate 
solutions were calculated by using the same exter- 
nal boundary pressures as were obtained by the 
exact method, as well as the same constant terminal 
pressure of 65 psia. Shown in the table are the 
average reservoir pressures, gas-oil ratios, per cent 
recoveries and production rates. As in the case 
discussed previously, agreement of the various 
values is very good. The largest discrepancy of 
about 10 per cent is in the production rate calcu- 





TABLE 2 — COMPARISON OF THE EXACT AND APPROXIMATE METHODS 
FOR THE SAME EXTERNAL BOUNDARY PRESSURE AND CONSTANT TERMINAL PRESSURE 
7 Nop R 40 
(psia) (per cent) (cu ft/bbl) (B/D) 
Approx. Exact Approx. Exact Approx. Exact Approx. 
A = 80 Acres, k = 25 md 
(Fig. 5) 
h=h° 1,757 65 1,708 1,712 3.21 3.24 2,600 2,470 108.8 119.4 
i-i 1,413 65 1,377 1,378 4.78 4.82 6,350 7,110 53.3 52.4 
k=k" 1,077 65 1,054 1,050 5.57 5.66 12,830 14,000 24.6 yx By 
1-1" 529 65 519 517 6.38 6.53 24,280 27,850 5.12 4.71 
A = 80 Acres, k = 2.5 md 
(Fig. 6) 
1,825 65 1,778 1,779 2.78 2.75 1,940 1,840 13.0 14.3 
1,610 65 1,567 1,569 4.12 4.06 4,090 4,090 7.88 _ 8.37 
1,330 65 1,297 1,296 5.03 5.06 8, 130 8,610 4.32 4.33 
1,135 65 1,112 1,107 5.49 5.55 11,620 12,730 2.82 2.72 
890 65 871 868 5.92 6.01 17,090 18,920 1.54 1.46 
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FIG. 7—GAS-OIL RATIO PROFILES FOR A CONSTANT- 

TERMINAL-PRESSURE CASE, k = 2.5 MD. 
voir. The curves are for the same instant as the 
corresponding curves in Fig. 6. It is perhaps sur- 
prising that, although initially the gas-oil ratio at 
the wellbore is higher than at the outer boundary, 
this situation soon reverses, and during much of 
the producing life, the gas-oil ratio is less at the 
producing well than at the boundary. This was true 
in all the cases calculated by the exact method. 
The maximum variation in gas-oil ratio from outer 
boundary to wellbore was found to be about 10 per 
cent, so the assumption of a constant gas-oil ratio 
used in the approximate method of solution is not 
too radical. It should be emphasized that these 
results were obtained for a particular set of PVT 
and relative permeability data and may not be 
applicable if the PVT properties are drastically 
changed. 


EFFECTS OF PERMEABILITY AND SPACING 
Some of the results obtained by the exact method 
of solution on the IBM 704 are shown in Table 3. 
It can be seen that the effect of spacing on the 
economic recovery becomes greater as the permea- 
bility decreases. For permeabilities of 25 and 2.5 
md, the recovery efficiency is decreased from 6.75 
to 6.64 per cent and from 5.80 to 5.74 per cent, 
respectively (slightly over 1 per cent of the total), 
when the spacing is increased from 10 to 80 acres. 
However, for a permeability of 0.5 md the recovery 
efficiency is decreased from 3.85 to 3.53 per cent 
(about 7 per cent of the total) for the same increase 
in spacing. The effect of permeability on the eco- 
nomic recovery is much more pronounced. At the 
economic limit of 2 B/D, the per cent recovery for 
a 25-md reservoir is about 1.8 times as great as 
that for a 0.5-md reservoir. This difference in re- 
covery for different permeabilities is, except for 
spacing effects, entirely the result of having to 
stop production when a minimum is reached; it 
should not be construed as a difference in the pro- 
duction mechanism. The calculated values indicate 
that the maximum production for the same spacing, 
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TABLE 3 — SOME RESULTS OF CALCULATIONS OBTAINED 
BY THE EXACT METHOD OF SOLUTION ON THE IBM 704, 


Oil Recovery 
per Spacing Time to 
Unit at Economic 
Economic Limit Nop 
Pressure Limit (bbl) (days)  (%)_ 
10,600 410 6.75 
42,200 1,680 6.73 
80 25.0 x 84,100 3,360 6.71 
80 25.0 83,200 2,680 6.64 
10 2.50 9,100 1,030 5.80 
80 2.50 72,000 8,600 5.74 
10 0.50 6,030 1,560 3.85 
80 0.50 44,200 14,300 3.53 


Method of Production 





Constant Constant 
Spacing k Terminal Terminal 
(acres) (md) Rate 
10 25.0 x 
40 25.0 x 








without regard to economic rates, would be inde- 
pendent of the absolute permeability. This trend 
can be seen in Fig. 8, where the production rate 
has been plotted against per cent cumulative oil 
produced for reservoirs of 25-, 2.5- and 0.5-md per- 
meabilities. If the production had been continued 
to very low rates (<0.1 B/D), all the curves would 
have come together at about the same recovery 
efficiency of around 7.3 per cent. It is evident that, 
if the economic limit of production had been raised 
to about 5.5 B/D, no oil would have been produced 
from the 0.5-md reservoir because its maximum 
production rate at initial reservoir pressure was 


only 5.3 B/D. 
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FIG. 8— OIL-PRODUCTION RATE AS A FUNCTION OF 
CUMULATIVE OIL PRODUCED. 
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Fig. 8 also shows that, for a constant terminal 
pressure and at a given permeability, the closer- 
spaced wells will produce at a higher rate than the 
wider-spaced wells at the same per cent recovery. 
This means that the closer the spacing, the faster 
a well will drain a given fraction of oil from its 
drainage area. The time required to reach the econ- 
omic limit is also shown in Table 3. It can be seen 
that, for a given permeability, the time is approxi- 
mately proportional to the spacing. Based on the 
associated cumulative production and rate perform- 
ance, one could choose a spacing to optimize profits. 

Only one case was run in which the effect of rate 
of production on the economic recovery was indi- 
cated. Fig. 8 shows the curve of rate vs per cent 
cumulative oil produced for a well which initially 
produced at a constant terminal rate of 200 B/D, 
which was four times greater than the constant 50- 
B/D production of the other wells for the 25-md 
reservoir. After approximately 1 per cent of the 
initial stock tank oil in place had been produced 
at 200 B/D, the well pressure reached the limiting 
50-psig value; thereafter, the well produced as a 
constant-terminal-pressure case. It can be seen that 
at the economic limit the production from this well 
was 6.64 per cent, compared to 6.71 per cent from 
an identical well whose initial rate was one-fourth 
as great. However, Table 3 shows that the time to 
reach economic limit was 2,680 days, compared to 
3,360 days. Thus, if the well produces at approxi- 
mately the maximum attainable rate at all times, 
the operating life is decreased about 25 per cent, 
while the economic recovery is decreased only 
about 1 per cent of the total recovery. 

Fig. 9 shows a plot of the average recovery effi- 
ciency at the economic limit as a function of per- 
meability. This curve shows that a formation having 
a kh product of about 5 md-ft (0.215 md x 23.5 ft) 
would not be able to produce any oil at a rate of 2 
B/D. Similarly, extension of the curve to higher 





4 
" O-O-OBTAINED FROM NUMERICAL RESULTS 
X-CALCULATED FROM DIMENSIONLESS 





t+—— EQUATIONS / 





> Oo 
° 
P % 


x) 
°o 
GAS RECOVERY EFFICIENC 





Lf 
vv 
vi 





3° 





PERMEABILITY IN MILLIDARCIES 





7 
































: 2 3 4 5 5 7 8 
AVERAGE RECOVERY EFFICIENCY AT ECONOMIC LIMIT, % 
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permeabilities would indicate that, no matter how 
great the permeability, the maximum recovery effi- 
ciency would be about 7.3 per cent at the economic 
limit. (This recovery efficiency compares with a 
value of 7.32 per cent obtained by differential 
material balance at a pressure of 50 psig.) Shown 
also in Fig. 9 is the average gas-recovery efficiency 
(defined as standard cubic feet of produced gas 
divided by standard cubic. feet of gas initially in 
place) as a function of oil-recovery efficiency. For 
the 0.5-md reservoir about 10 per cent of the original 
gas has been produced at the economic limit, while 
for the 25-md reservoir about 68 per cent of the 
original gas has been produced. In any economic 
evaluation, this difference in produced gas must be 
considered. 


GAS-OIL RATIO AND CUMULATIVE OIL PRODUCED 

Fig. 10 is a plot of the producing gas-oil ratio 
for various per cent recoveries for all the runs 
listed in Table 3. No attempt has been made to 
distinguish between the various cases, but it is 
obvious that at the same recovery the effects of 
permeability and spacing on the producing gas-oil 
ratio are minor. Thus, once the PVT properties of 
the oil and the relative permeability properties of 
the reservoir are fixed, the producing gas-oil ratio 
will be essentially independent of the spacing and 
of the absolute permeability. The peak occurs at a 
recovery of about 6.75 per cent and starts to decline 
after that in the normal way. 
EXTENSION OF RESULTS BY 
DIMENSIONLESS GROUPS 

It was emphasized earlier that the results obtained 
in this study were for a particular set of fluid and 
reservoir properties. Therefore, it will be of interest 
to determine whether the range of applicability of 
the results can be extended by the use of some 
dimensionless groups pertinent to depletion-type 
reservoirs. 

The theory of dimensionally scaled models of 
petroleum reservoirs has been adequately discussed 
in papers by Rapoport® and Geertsma, et al.” Proper 
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dimensionless expressions for the time, oil-produc- 
tion rate and cumulative oil production can be writ- 
ten as follows. 


1.266 (10-7) (pj — Py») kt 


Hob? (rg = rg) 
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These equations* have been used to calculate 
the values of the dimensionless quantities for all 
the problems discussed in this report. Fig. 11 shows 
a plot of dimensionless rate as a function of dimen- 
sionless time. The parameters that have been varied 
are the permeability, which ranged from 0.5 to 25 
md, and the external radius, which ranged from 372 
to 1,053 ft. It can be seen that the points lie essen- 
tially along two curves which can be classified 
according to whether the problem approximated a 
constant-terminal-pressure case (lower curve) or a 
constant-terminal-rate case (upper curve). It was 
mentioned earlier that, although only one problem 
was actually a constant-terminal-pressure case, 
several others approximated it in that the producing 
well pressure dropped to the minimum permissible 
value in a relatively short time after oil production 
started. The duration of this transient effect for 





*Great care should be exercised in using Eqs. 9 and 10 to 
extend results to other systems having properties different from 
those used in this report. 






those problems intended as constant-terminal-rate 
cases determined whether the points fell closer to 
the upper or to the lower curve of Fig. 11. Thus, it 


might be said that the constant-terminal-pressure 
curve is a limiting curve giving the maximum dimen. 
sionless rate at any dimensionless time, and that 
all rates less than this maximum will produce a 
series of dimensionless curves which must fal] 
above the limiting curve. Those runs which behaved 
as constant-terminal-rate cases did so until a di- 
mensionless time of about 50 was reached. 

For constant-terminal-rate cases, the dimension- 
less rates determined from Eq. 10 will vary with the 
wellbore pressure. For constant-terminal-pressure 
cases, the dimensionless rates will vary proportion- 
ally to the actual production rate, while the pressure 
drop has the highest possible value. Because the 
pressure drop is the highest possible, the dimen- 
sionless production rate for the constant-terminal- 
pressure case is less than that for the constant- 
terminal-rate case. 

The curves of Fig. 11 give a means of determining 
the oil-producing rate at any time for other permea- 
bilities, spacings, sand thicknesses, well radii and 
porosities. One need calculate only the values of 
real time and rate from the dimensionless values, 
using Eqs. 9 and 10. Thus, the results of this re- 
port can be extended to other reservoirs having 
similar PVT and relative permeability character- 
istics, 

Fig. 12 is a plot of dimensionless cumulative oil 
production as a function of dimensionless oil rate. 
Here again, there is a spread in a portion of the 
curve, depending on whether the early production 
was at constant terminal pressure or at constant 
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FIG. 11 — DIMENSIONLESS OIL RATE AS A FUNCTION OF DIMENSIONLESS TIME. 
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FIG, 12 — DIMENSIONLESS CUMULATIVE OIL PRODUC- 
TION AS A FUNCTION OF DIMENSIONLESS OIL RATE. 


terminal rate. For dimensionless rates below a value 
of 0.01, the cumulative production is independent 
of initial rate. The use of Figs. 11 and 12, therefore, 
allows one to determine the producing rate and 
cumulative production at any time in the life of a 
well, 


CONCLUSIONS 


Based on the results discussed previously for a 
completely homogeneous reservoir and for the range 
of conditions as given, the following conclusions 
can be made. 

1. The methods described in this report provide 
a useful means for calculating the performance of 
solution-gas-drive reservoirs. To solve the exact 
equations governing two-phase flow, a high-speed 
computing machine with large storage capacity is 
required. By comparison, the semisteady - state 
method does not require such high-speed computers 
and can be calculated by means of an IBM 650 or 
equivalent. For the ranges covered in this report, it 
has been shown that for engineering calculations 
the semisteady-state method will give a satisfactory 
approximation to the correct solution. 

2. At an arbitrarily chosen economic limit of 2 
B/D, the per cent recovery for a 25-md reservoir is 
1.8 times as great as that for a 0.5-md reservoir. 
This is not the result of a difference in production 
mechanism but, rather, is the result of arbitrarily 
cutting off production when a minimum rate is reached. 
The lower this economic rate, the more nearly will 
the recovery be independent of permeability. 

3. Producing gas-oil ratio is essentially inde- 
pendent of both spacing and permeability at the 
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same value of fractional recovery. 

4. The effect of well spacing on recovery at an 
economic limit of 2 B/D is not significant for per- 
meabilities above 2.5 md (corresponding to a kh = 
60 md-ft). For a 0.5-md permeability (~ 12 md-ft), 
the recovery is decreased about 7 per cent for a 
change in spacing from 10 to 80 acres. 

5. For the PVT and relative permeability prop- 
erties given in this report, certain dimensionless 
groups can be used to extend a given set of results 
to other fields having different permeabilities, spac- 
ings, reservoir thicknesses, well radii and poros- 
ities. The effect of whether early production is at 
constant terminal rate or constant terminal pressure 
is important; however, for dimensionless rates less 
than 0.01, the cumulative dimensionless production 
is independent of initial rate. 


NOMENCLATURE 


A = area, acres 

a=lInr,y,/r 

Bg = gas formation volume factor, bbl/cu ft 
Bo = oil formation volume factor, bbl/bbl 
Bo; = initial oil formation volume factor 

@ = porosity, fraction 

bh = thickness of reservoir, ft 

k = absolute permeability, md 
keg = relative permeability to gas, fraction 
ro = relative permeability to oil, fraction 


M = total number of cells into which reservoir is 
divided 
m = cell number 
N = initial oil in place, bbl 
Np = cumulative oil produced, bbl 
Npp = cumulative oil produced, fraction or per cent, 
= Ny/N 
p = pressure, psi 
Dp = pressure, dimensionless, = p/p, 
p = average pressure, psi 
bP, = bubble-point pressure, psi 
p; = initial pressure, psi 
Pe = pressure at external boundary, psi 
Pw = pressure at wellbore, psi 
Go = oil-production rate, B/D 
qop = Oil-production rate, dimensionless 
r = radius, ft 


Tp = radius, dimensionless, = r/r,, 
Te = external boundary radius, ft 
TDe = external boundary radius, dimensionless, 
« Pelle 


Tw = well radius, ft 

R = producing gas-oil ratio, cu ft/bbl 
Rx = solution gas-oil ratio, cu ft/bbl 
Sg = gas saturation, fraction 

So = oil saturation, fraction 


Soi = initial oil saturation, fraction 
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= total liquid saturation, fraction 

Swe = critical water saturation, fraction 
t = time, days 

tp = time, dimensionless 
7 = time increment, days 

ig = gas viscosity, cp 

Ho = oil viscosity, cp 

Hob = oil viscosity at bubble point, cp 
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Flow in Heterogeneous Porous Media 


J. E. WARREN 
H. S. PRICE 
MEMBERS AIME 


ABSTRACT 


Techniques for studying the performance charac- 
teristics of heterogeneous reservoirs have been 
developed. The effect of permeability variation on 
both the steady-state and the transient flow of a 
single fluid has been investigated. Limited com- 
parisons with field and laboratory data have been 
made. 

The physical models studied consist of random 
three-dimensional arrays of homogeneous porous 
blocks. The permeabilities of the individual elements 
are assigned according to a specific distribution 
function; uniform anisotropy is introduced by varying 
the relative dimensions of the blocks. A particular 
model is perturbed simply by re-arranging its ele- 
ments at random. The behavior of a physical model 
is determined by digitally solving its numerical 
analogue. 

Based on computational experiments, subject 
to the restrictions implied by the assumptions that 
were made, the following general conclusions have 
been drawn. 

1. The most probable behavior of a heterogeneous 
system approaches that of a homogeneous system 
with a permeability equal to the geometric mean of 
the individual permeabilities. 

2. The effects of flow geometry and anisotropy on 
the most probable value of the effective permeability 
of a heterogeneous medium are finite but not signif- 
icant. 


3. The permeability determined from a pressure 
build-up curve for a heterogeneous reservoir gives 
a reasonable value for the effective permeability of 
the drainage area. 

4. A qualitative measure of the degree of hetero- 
geneity and its spatial configuration are obtained 
from a comparative study of core analysis and 
pressure build-up data. 

It has been indicated that these conclusions are 
predicated on the assumption that the core analysis 
and the pressure build-up data represent true reser- 
voir characteristics. Common sources of error in 
these data have been discussed. 
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INTRODUCTION 


One of the most significant problems of reservoir 
engineering is that of determining the nature and 
the disposition of the heterogeneities that inevitably 
occur in petroliferous formations. It is with this 
problem that this paper is concerned. 

Extensive research, both theoretical and experi- 
mental, has provided reasonable descriptions of the 
physical processes that are associated with primary 
and secondary recovery mechanisms. Similar progress 
in the field of numerical analysis and the evolution 
of truly high-speed digital computers have made it 
feasible to calculate the behavior of these mecha- 
nisms under almost any environmental conditions. 
It appears to be logical, then, to conclude that the 
mechanistic performance of any reservoir can be 
predicted with some confidence. Unfortunately, 
a necessary condition for the validity of this con- 
clusion is that the formation be adequately described 
in a macroscopic sense. This condition cannot be 
satisfied in general; therefore, a frustrating situation 
currently exists — it is possible to compute the 
effect of reservoir heterogeneity on behavior, but 
it is not possible to specify the heterogeneity itself. 
In many cases, the predicted behavior of a project 
is so completely dominated by irregularities in the 
formation’s physical properties that the gratuitous 
assumption of a particular form for the variation 
can reduce the solution of the problem to a mere 
tautological exercise. 

While all porous media are microscopically 
heterogeneous, only macroscopic fluctuations need 
be considered since the fundamental concepts of 
reservoir mechanics are based on macroscopic 
quantities. For the simplest case in which only one 
physical property varies from point to point, the 
degree of heterogeneity that is apparent depends on 
three distinct factors, i.e., the nature of the prop- 
erty’s variation (frequency distribution), its disposi- 
tion (spatial distribution) and the inherent stability 
of the mechanism being studied. Consequently, any 
attempt to devise an unambiguous scale of heter- 
ogeneity must take these factors into account. 

Since this investigation is intended to be explor- 
atory, it will be restricted to single-phase flow 
because of the simplification implied; both steady- 
state and unsteady-state behavior will be considered. 
Furthermore, to keep the number of parameters 
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within reasonable limits, only variations in the 
absolute permeability will be permitted. 

Although the problem under consideration deals 
with the effects of permeability variations on flow 
through porous media, analogous problems exist 
whenever potentials are involved, e.g., thermal con- 
duction, electrical conduction, molecular diffusion, 
electrostatics and magnetostatics. Historically, 
Maxwell! first evaluated the conductivity of a com- 
posite medium which was comprised of a uniform 
matrix with random, spherical inclusions of a dif- 
ferent material; Rayleigh2 extended this work by 
obtaining exact series solutions for ideal geometries. 
More recently, Odelevskii? and Brown* proposed 
general methods for determining the effective con- 
ductivity of two-component systems; Brown’s paper 
included a useful bibliography for the subject. An 
attempt to extend the theory to systems containing 
more than two components was made by Korneenko,5 
but his results applied to rather specific geometries. 
None of these analogous investigations suggested 
a plausible approach to the subject problem. 

The first real attempt to study heterogeneous 
permeability was apparently that reported by Law;® 
he used the log-normal distribution function to 
represent permeability variations. Useful limits for 
the effective permeability of a heterogeneous medium 
were suggested by Cardwell and Parsons;’ they 
correctly indicated the effect of weighing the sam- 
ples. Muskat® considered the effect of stratification 
on cycling operations; log-normal, exponential and 
linear permeability distributions were discussed. 
The influence of stratification, with no cross-flow 
between layers, on waterflood performance was 
indicated by Stiles? and Dykstra and Parsons! 
McCarty and Barfield11 proposed a method for 
including lateral permeability variations in the 
computation of flood patterns. Houpert!? studied 
permeabilities that could be expressed as analytic 
functions of position; Albert, et al,13 derived general 
expressions for the transient behavior of reservoirs 
that had arbitrary permeability distributions and 
presented some numerical results. The effects of 
heterogeneity on miscible displacement were reported 
by Blackwell, et al;14 Mamedov15 and Douglas, 
et al16© considered immiscible displacement with 
crossflow between layers of different permeability 
by analytic and numerical methods, respectively. 
The transient behavior of a reservoir composed of 
noncommunicating layers was investigated by 
Lefkovits;!7 both depletion and build-up performance 
were analyzed. An excellent discussion of the 
problem of reservoir heterogeneity was presented 
by Hutchinson;!8 a comprehensive bibliography 
for the subject was contained in this publication. 
Despite a large number of reported studies, in 
addition to those cited here, none of them indicated 
a reasonably systematic method for investigating 
the role played by heterogeneity in the performance 
of a reservoir. 

The objectives of this project can be stated 





lReferences given at end of paper. 
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quite simply as follows: to study the effect of the 
disposition of heterogeneous permeabilities on 
single-phase flow when the nature of the heterogeneity 
is known, i.e., the frequency distribution is given; 
and to determine if it is possible to infer the presence 
and the probable configuration of the heterogeneity 
from data obtained by conventional well tests and 
core measurements. 

The achievement of these objectives, even in a 
qualitative sense, should help to diminish some of 
the uncertainty usually associated with the in- 
formation required to predict reservoir performance, 


PHYSICAL PROBLEM 


The existence of heterogeneous reservoir permea- 
bilities has always been admitted, but the extent 
and the significance of these irregularities have 
been disputed. Vertical permeability variations have 
generally been assumed because they can be justi- 
fied by the nature of depositional processes. On the 
other hand, lateral variations have largely been 
ignored despite the fact that sedimentation is rarely 
uniform even over reservoir distances. Probably a 
lack of information has contributed to the perpetu- 
ation of such inconsistent reasoning. 

The sources of useful information for describing 
petroleum reservoirs are severely limited. Geolog- 
ically, some knowledge of structure, sedimentation 
and composition may be available. Continuity, net 
pay, porosity and fluid saturations may be esti- 
mated from appropriate well logs. From core analysis, 
permeability, porosity, pay thickness and fluid 
saturations may be obtained; the permeability of 
the formation and completion damage may be cal- 
culated from pressure build-up data. Injectivity and 
productivity tests may be used to evaluate the 
flow capacity of the formation and, if profiles are 
recorded, to obtain a crude indication of the vertical 
variation in flow capacity immediately adjacent to 
the wellbore. Since this study is concerned with 
changes in permeability, only data from core analysis 
and build-up tests will be assumed to be acceptable. 

Although the sample size, based on the cored 
interval, is infinitesimal when compared to the 
reservoir itself, it is essential to assume that the 
sample is volumetrically representative; then, the 
nature of the heterogeneity can be estimated from 
core data. The permeability determined from a build- 
up test represents an effective average over the 
drainage area of the well; therefore, it can be 
assumed that this value is a measure, albeit an 
indirect one, of the disposition of the heterogeneity. 
To achieve the objectives of this investigation, the 
core analysis data must be operated upon in such a 
manner that all spatial distributions of heterogeneous 
permeabilities, allowing for both vertical and lateral 
variations, may be considered. Then, a distribution 
corresponding to the one reflected by the value of 
the build-up permeability must be found. If the 
selected distribution can be used to synthesize a 
build-up curve that matches the measured one, the 
spatial configuration has a reasonable probability 
of being qualitatively correct. Agreement must be 
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considered to be only qualitative since uniqueness 
cannot be generally assumed. 

To put the problem in a form that is amenable to 
mathematical formulation, it is assumed that the 
reservoir can be simulated by a three-dimensional 
ensemble of uniform, homogeneous, porous blocks 
in which the permeability of each element corresponds 
to that of one of the core samples; this model is an 
extension of the analog and analytic models used 
by Fatt!9 and Rose? to study the microscopic 
flow behavior of porous media. Since it has been 
assumed that the core samples are volumetrically 
representative, uniform weighting is implied; so, 
the original frequency distribution must persist in 
the model and the total number of blocks must be 
some multiple of the number of core samples. To 
compensate for our ignorance, a mechanism for 
randomly re-arranging a fixed number of elements 
in a given geometry must also be included to permit 
a statistically significant number of permutations 
to be considered. 

This physical model indicates the three factors 
that apparently control heterogeneous behavior and 
must be examined, i.e., the permeability distribution 
as inferred from core data, the flow geometry and 
the number of elements. The first factor includes 
the effect of the distribution function, the range 
of permeabilities and the class interval; the second 
reflects the drainage area, formation thickness and 
well penetration; and the third is actually a measure 
of the degree of heterogeneity that is present. The 
importance of the first two factors is evident, and 
no amplification is necessary. The significance 
of the last factor becomes apparent when the 
limits are considered. Because of uniform weight- 
ing, the minimum number of elements is equal to 
the number of core samples; for the minimum case, 
there is a high probability that any rearrangement 
of the elements will produce a meaningful effect 
since there is virtually no redundancy, or entropy, 
present. As the number of elements is increased, 
the effect of rearrangement decreases until the 
system tends to behave homogeneously as the 
number becomes very large. Thus, it is obvious, 
in passing from the truly heterogeneous case to 
the homogeneously heterogeneous one, that the 
probable behavior of the proposed model should 
approach some limit while the possible behavior 
limits remain invariant; i.e., the maximum and 
minimum permeabilities are unchanged. 

The generality of the results obtained through the 
use of this model will depend on the validity of the 
assumptions involved in its development; therefore, 
the principal assumptions should be explicitly 
stated. They are the following. 

1, A true distribution function for reservoir permea- 
bility can be obtained from core analysis information. 

2. The weighted average permeability of the drain- 
age can be determined from pressure build-up data. 

3. Random spatial distributions of permeabilities 
may exist in reservoirs; i.e., vertical and lateral 
variations may be of the same order of magnitude. 

4. A heterogeneous reservoir can be adequately 
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simulated by some particular array of uniform porous 
elements which have the same permeability-distri- 
bution function as the reservoir itself. 

The first two assumptions are quite broad and 
will be discussed further in.a subsequent section. 
The last two assumptions are not particularly 
restrictive; Assumption 3 is certainly true for 
some cases, and Assumption 4 only requires that 
a sufficient number of elements be used. 


MATHEMATICAL PROBLEM 


The mathematical problem was divided into three 
parts. The first part consisted of generating random 
arrangements of the individual elements of the 
physical model; the second required that the behavior 
equations for the physical model be solved; and 
the last involved the determination of the effective 
permeability of the physical system. 


ORDERING 


Random spatial distributions were generated by 
determining a set of N values of permeability from 
the specified distribution function, or reading in 
the N values directly, assigning a random number 
to each of the N permeabilities, ordering the per- 
meabilities according to the magnitudes of the 
assigned random numbers and establishing a one-to- 
one correspondence between the ordered permea- 
bilities and the mesh points of the physical model. 
Random numbers were generated by the method of 
Taussky and Todd.?! 


Xnet= pX, (MOD 25%) 
where 
X, = 1, 
as, 

The chosen value of p gave a sequence with a 
period approximately equal to 2 » 1019, By retaining 
the first random number for any case, it was possible 
to reproduce the distribution if required. 


BEHAVIOR EQUATIONS 


The behavior equations for the physical model 
were solved by numerical methods. To establish 
these discrete approximations, the physical model 
was constrained to be a rectangular parallelopiped 
composed of homogeneous volume elements with 
dimensions of \x, \y and Az. A mesh point was 
placed at the center of each element to define a 
three-dimensional rectangular mesh within the 
model. The mesh spacing was uniform in each 
direction so that the co-ordinates of the mesh points 
were i\x, j\y and kz, respectively; 1 <i < Pp, 
l<j<q,1<k<r and p'q'r =N, the total number 
of elements. 

The behavior equation that was approximated was 
the following. 


div [ k grad p| = Duc ee es ce al 










The conditions imposed on the solutions were the 
usual ones of pressure and flux continuity at the 
internal boundaries. The continuous time-discrete 
space approximation of Eq. 2 was based on the 
seven-point formula. 


A, (KA, P)i jk + Sy (KAyP)i jk * 
* dp 
a A, (KA, p) i,j,k ~ di isk (+P) i,j,k 
(3) 


where 
AKA, P)=[0; 54.5.8 (Pistjyk ~Pi,j,k)* 


+0j-1,j,k (Pi-t,j,k ~Pii sk) | 


Gi+y j,k= | Mies aim “iit 
isin ctueille : +K. . 
(Ax)? Ki+t,i,k Ki j,k 








l 
une OPP LT A- 
For the steady-state case, Eq. 3 was solved with 


d;,j,k = 9 and the following boundary conditions. 
Quasi-linear flow between opposing faces, 


Po,i,k =1.0 
Pp+t,j,k 9 
¢ —— 
Ko j,k =Kpet,ik 
Kioyk =Kj gete = Ki,i,0 ~Kijrot = © 
(4) 


Quasi-radial flow into a well located at 


x=igAx and y=j,Ay (2Si,<p-1,2<jo< q-!), 


Pog = Ppotss k= Pion = Pi, get,n = 10 
ee : | 

ae ie O; is ri skerii<, 

Kojsk = Kpsiyjsk =Ki,osk *Ki,getyn = © 

ee ere 


where r’ and r’’ denote the limits on a partially 
penetrating well. The solution was uniquely deter- 
mined by the N simultaneous equations together 
with one of the boundary conditions. This deter- 
minate set was expressed in matrix form, shown 
later, and was solved by the procedure described 
in Appendix A, the modified Chebyshev semi-iterative 
method. 2? 


Ax =g9 eee Ss ee 








For the transient behavior, di j,k # 0, only one 
case was considered, i.e., quasi-radial flow from a 
bounded reservoir into a well at (i, Ax, j,Ay). The 
imposed conditions, required for a constant rate of 
production followed by a shut-in period, were the 
following. 


" Pijk = $0; t=0 

(Azayaz ‘ [ 4, (KA,0),, lest + 
ker! cr 
FAy (KAyp) ign dg ok 


| iy 
O;t> te 


c.. = = - 
0,j,k Kets jk = Ki ok - Kis gti,k 


"hie Ki iar OP. in hse a 
A well-set problem was determined by Eq. 3 and 
the conditions given by Eq. 7. To make the numerical 
solution compatible with that used for the steady- 
state case, the boundary condition at the well was 
approximated according to the method suggested by 
Douglas, et al;1®© in this manner, the wellbore 
pressure for any time period was treated as a constant 
that was completely determined by the past history; 
C.B., 


p(t ik t Titos t St, 2. 


where 


l 
q-q 
¥* 0 Og iv ioet lla 2q ) 


AxAyAz\ 
a'=( : )E [anKOx Piston t 
k-r 


+Ay(KAyp)io, ig,k] 3 nti; 





The set of simultaneous differential equations was 
solved by the Crank-Nickolson method,23 described 
in Appendix B; the matrix form of these equations 
was that which follows. 


p Gh -- as +g Jie Sh Ye 


PERMEABILITY DETERMINATION 


After the steady-state pressure distribution was 
calculated, the effective permeability of the heter- 
ogeneous system was determined from the general 
equation for flow between two equipotential sur- 
faces, For the two surfaces S, and S, maintained 
at potentials of unity and zero, respectively, 
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where I" = [Sy = dS, for a homogeneous medium 


with the same geometry. The discrete approximation 
used to evaluate Eq. 10 was the following. 


is ¢ 
Kye ard 2 Kise erie) © aD 


— 


In the quasi-linear case, I'” was obtained directly 
since it involved only the area-length ratio. 


eee. 
r 2p 





When flow was quasi-radial, I'* was determined by 
solving a homogeneous case with the same ge- 
ometry. 


: 
r=) z iigt ss 


To determine the effective permeability during 
transient flow, a pressure build-up test was simu- 
lated. The well was produced at a constant rate 
for a time period equal to ¢,; then, for ¢ > t,, the 
well was shut in and the build-up history was 
recorded. Conventional analysis was applied to the 
build-up data; the wellbore pressure was plotted 
against log (t — t,/t), the slope of the straight-line 
segment was measured and the effective perme- 
ability was calculated with the following equation. 


jE ss 
Keu © sh 
where s = slope of linear portion (psi/cycle) and 


hb = rAz = formation thickness (ft). 


EXPERIMENTAL COMPUTATION 


To permit an orderly investigation of the behavior 
of the proposed model, a distributation function 
P(K) had to be specified; for our purposes, P(K) 
was the probability that a given permeability value 
was less than or equal to K. Several distribution 
functions were considered; they were the log-normal 
exponential, skewed log-normal, linear and dis- 
continuous. The equations and characteristics of 
these functions were tabulated as Table 1. The 
frequency, or probability density, functions which 
correspond to these distribution functions were 
sketched in Fig. 1, i.e., the derivative of P(K) 
with respect to K or In K. The discontinuous case 
was not included since its frequency function was 
simply a pair of delta-functions. 

For computational purposes, it was necessary 
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that the continuous distribution function be replaced 
with a discrete one. This was accomplished by 
stipulating the number of elements. in tne model, 
N, the number of class intervals, M, and the ratio 
of the maximum and minimum permeabilities to be 
included in the discrete version, R; then, the pa- 
rameters and limits were obtained from the continuous 
form; e.g., 


2N-1 
2N 





P(K..)<~ and P(K, 9.) > 


min 2N 


After the approximate distribution was calculated, 
it was characterized by a number of statistical 
measures; they were the following. 


n 
K, = arithmetic mean =+ 2 K; 


n 
Ky = harmonic mean = n/ > (1/K;) 


n i/n 
Kg = geometric mean = ki K| 


Ky = median; P(K,) = 1/2 


K 


mode; P(K,,) = maximum: 


Of these quantities, only the first three were deter- 
minate for all distributions. 


Because of the Monte Carlo-type of model chosen, 
it was necessary to interpret the results probabi- 
listically. For each combination of distribution 
function — N, M, R and geometry — a series of 
effective permeabilities K, were generated as the 
elements of the model were randomly re-arranged. 
According to the central-limit theorem, these K,,’s 
should have asymptotically formed a normal dis- 
tribution; this was verified by the data shown in 
Fig. 2. Furthermore, by virtue of the law of large 
numbers, the true values for the ‘‘most probable’’ 
permeability and the standard deviation should have 
been approached as noo, Since only a finite number 
of runs were possible, it was obvious that a method 
for estimating the necessary parameters was needed. 


Based on the assumption that the sample analyzed 
was representative of the population, a maximum- 
likelihood estimate for the ‘‘expected’’ permeability 
was obtained from the following equations. 24 


A m 
ee Gye hs sae ae 


Using this estimate for the most probable value, 
expected value or arithmetic mean of the K, — dis- 
tribution, the standard deviation of the sample was 
determined. 
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o « « (6) 


m 1/2 
o=([¥ (X= Ky)'Zm-1) 


A maximum-likelihood estimate of the population’s 
standard deviation was calculated from o and m. 


Beo/Cim).- +--+ ++ eee (17) 


where 





mii2!'13/14¢4/5/61!18]tw]@ 
—H- 


C(m)}|:798 |.886/.921 |.940.95!1 |.965/.973 |1000 












































Confidence limits were assigned to K by utilizing 
the well known ‘‘Student’’ r-distribution together 
with the standard deviation of the sample; i.e., there 
was a probability of l—« that the true mean value 
was contained in the interval K — AK< K < K + AK. 


AK= ot(e,m)/V m° 64 ee 


The variation of AK with the number of runs was 
illustrated by Fig. 3. 

The computational process was halted by placing 
the following restrictions on the number of runs m. 
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The value of m* was chosen to guarantee that AK/ 
K < .10 for m* > 3 with a confidence level of .995. 

It was previously postulated that the standard 
deviation for the K associated with a given distri- 
bution function was a function of the redundancy, 
or entropy, of the system. The relative redundancy 
6 was defined in the following manner. 


k 
O= 1- (1-17 wih tse): * 


where n1+79+ pay +np =N, and 
n,;= number of elements in the ith class. 


The parameter @ was taken to be a measure of the 
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scale of heterogeneity; for a homogeneous case, 
6 was equal to zero. For the other extreme, k = N, 
6 was equal to unity. 

For the transient cases, only a single run was 
made for each combination of distribution function 
— N, M, R and geometry — since the time required 
for computation was quite large. After the effective 
permeability was determined from the build-up data, 
Kpy,atrelative measure of the degree of heterogenity 
A was assigned to that particular spatial configura- 
tion for a particular distribution function by means 
of the following equation. 


\- (Ka - Kay) (Kpu-Ky) 4) 


A A 
(Ka- K) (K - Ky) 





The values for K4 and Ky were obtained from the 
original distribution function; K was determined 
from steady-state calculations; and Kgy was based 
on transient behavior. The form of A was such that 
it gave the correct limiting results; i.e., complete 
heterogeneity was indicated when the system was 
ordered in either parallel or series, and homogeneous 
heterogeneity was assigned when the system was 
completely disordered. 


DISCUSSION OF RESULTS 
STEADY STATE 


The first step in the investigation was designed 
to determine if there was a single permeability 
value that could be used to characterize a hetero- 
geneous medium with a given distribution function. 
The first distribution function that was studied was 
the log-normal — sometimes called the Gibrat, 
Kapteyn or Galton-McAlister distribution. This was 
considered to be the most natural distribution since 
reasonable physical models for its genesis have 
been suggested;25 Law © introduced it for describ- 
ing permeability distributions. A series of computa- 
tional experiments were performed on a cubic model 
composed of cubic elements with quasi-linear flow 
between opposing faces. The ranges for the param- 
eters were 27 <N < 1,728, 2<R<128and3<M< 
81; and, the median permeability was assigned a 
unit value. The results of these experiments are 
presented as Fig. 4; the expected permeability R with 
its 99 per cent confidence limits is plotted as a 
function of (S In a) the effective deviation for the 
distribution. For this case, the median, mode and 
geometric mean are all equal to unity; obviously, 
unity is the best estimate for the expected value 
so this result is ambiguous. 

The exponential distribution was considered next. 
Although no mechanistic basis for this distribution 
has been hypothesized, its existence has been 
observed quite frequently. Since the discrete form 
of this distribution has no mode, it serves to elimi- 
nate some of the uncertainty that resulted from the 
previous experiment. Under the same conditions 
used in the log-normal case, the results obtained 
are those shown in Fig. 5; clearly, the median or 
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the geometric mean gives the best value for the 
expected permeability. 

In an attempt to decide between the median and 
the geometric mean, a series of runs (using the 
same conditions on N, R and M as the previous two 
cases) were made with the skewed log-normal, 
linear and composite distributions described in 
Table 1. The results (Fig. 6) show that the geometric 
mean is to be preferred as an estimate of K since 
it is always determinate while the median is not, 
The data presented in Fig. 7 (based on the discon- 
tinuous distribution with 8 < R < 1,000) verify the 
choice of the geometric mean because the median 


275 





2.50- 


225+ 


Led 
°o 
So 
TT 


_ 
e 
T 


PJ 


EXPECTED PERMEABILITY, % 
8 $ 
7 T 


8 
| 
/ 'g\ 
i 
5 


Km, Keond Ky 
75} a 
— 99% CONFIDENCE LimITS 


LOG- NORMAL DISTRIBUTION ; « 
Sor QUASI-LINEAR FLOW 








25 





2 ry 6 4 10 12 14 
Sine 


FIG. 4—THE EXPECTED VALUE OF 
EFFECTIVE PERMEABILITY. 











a 

a 

a ] 

x 

_ Pa 
<x te 

a 

rr Pg 
= of 
-) 
. 
< 
ws 
: aeeony 
2 10 eee = 86 owt —— > Sh Ne Ee 
o fF on i 
ee oo ge 
os a — 
° hy 
a ie, 
oof r ie 
ws ~ 

e ‘ 

_ 
- —--—— 99%, CONFIDENCE LIMITS ba 
EXPONENTIAL DISTRIBUTION *, 
Ls QUAS!-LINEAR FLOW 
‘ 1 | n 1 | 1 
() 1 2 3 4 a € 





FIG. 5—THE EXPECTED VALUE OF 
EFFECTIVE PERMEABILITY. 


SOCIETY OF PETROLEUM ENGINEERS JOURNAL 








r the 


1 and 
> the 
; two 
‘mal, 
d in 
etric 
ince 
not, 
con- 


dian 








is not physically meaningful. The results shown 
agree qualitatively with those obtained by Asaad?3 
from his thermal conductivity experiments. 

Figs. 8 and 9 result from a comparison between 
the expected permeability from quasi-linear flow and 
that from quasi-radial flow in the cubic model for 
log-normal and exponential distributions, respec- 
tively. These curves indicate that the expected 
permeability values are essentially independent 
of geometry. As a result, the importance of the 
connection between the geometric mean and K is 
established. Since K is a maximum-likelihood esti- 
mate, the maximum-likelihood value for a single- 
valued function of permeability, /(K) is known to be 
f(R); therefore, when the porosity and water satura- 
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tion from core analysis are correlated with permea- 
bility, the best estimates are those values that 
correspond with K. Consequently, the geometric 
mean can be used to determine applicable values 
for other reservoir parameters. 

When the cubic elements are replaced by ones 
in which Ax = Ay # Az, it is possible to examine 
the influence of anisotropy since a change in the 
element geometry is equivalent to a change in the 
ratio of the vertical and horizontal permeabilities; 
i,e., (Ax/Az) *= K,,/K,. The experimental results 
(Fig. 10) reveal a finite but not particularly signif- 
icant effect; the apparent increase in permeability 
with increased values of K,/K, is due to cross- 
flow. The combined effects of anisotropy and 
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partial penetration on quasi-radial flow are illus- 
trated in Fig. 11. 

The basic difference between linear and radial 
flow is emphasized by the data shown in Fig. 12; 
i.e., Op/oz, > 1. For linear flow, uniform volumetric 
weighting is roughly equivalent to uniform weight- 
ing on the basis of flow resistance; for radial flow, 
this is not true so the absolute position, as well 
as the relative position, of the different elements 
is more important.” As the range of permeabilities 
increases, Gp/G,, decreases because the linear 
system is more sensitive to distortions in the flow 
pattern. 

The postulated relationship between the relative 
redundance and the standard deviation was tested 
by a series of calculations based on the exponential 
distribution. For this case, Eq. 20 reduces to the 
following. 


@=1-4I-1/ (+)! 7(1-1/N!) 


The variation of 6 with N/M was determined for 
quasi-linear flow, and the results are presented in 
Fig. 13. The correlation is reasonably good and 
indicates that 6 and the redundancy @ are related; 
therefore, either can be used as a measure of the 
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scale of heterogeneity. 

Although a thorough investigation of the computa- 
tional errors associated with the solution of an 
elliptic equation in a heterogeneous medium was 
beyond the scope of this paper, a cursory examination 
was conducted. Using a fixed spatial distribution of 
permeability, the mesh size was successively 
decreased and the effects of truncation and round- 
off errors on K and 6 were estimated. The calcu- 
lated value of K is essentailly dependent on the 
truncation errors, while the value of o is much 
more sensitive to round-off errors; for the worst 
possible cases, the errors in R and/or 6 are approx- 
imately 10 per cent. 


TRANSIENT 


The objective of this portion of the study was to 
determine if the permeability calculated from 
pressure build-up data was a reasonable measure 
of the effective permeability in the drainage region 
of a well completed in a heterogeneous reservoir. 
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A 27- x 3+ x 27-in. model was used to simulate a 
closed, heterogeneous reservoir; the distribution 
function for the permeability elements was the log- 
normal; and the ranges of the parameters were 3 < 
M< 81, 8<R ¢ 128 and 0 < K,/K, < 1. For a par- 
ticular random arrangement of the elements, a build- 
up curve was synthesized and the build-up permea- 
bility K gy was calculated. Then, using the same 
random arrangement, the effective steady-state 
permeability Kgs was computed for quasi-radial 
flow between the outer boundary and the well. 

Since uniform mesh spacing was used and the 
well was represented by a line sink, the synthesized 
build-up curves were not particularly accurate 
immediately after shut-in. However, for reasonably 
large shut-in times, the computed build-up curves 
tended to approach the expected type asymptotically. 
Two typical build-up curves are shown in Fig. 14 
to illustrate this behavior. 

The permeability ratio Kpy/Kgs that indicated 
the quality of the estimate based on build-up data 
was determined for a number of cases — both 
isotropic and anisotropic. These results are pre- 
sented in Fig. 15; the data show that Kpy is a 
reasonable measure of the effective permeability 
of the drainage region. No attempt was made to 
determine an expected value for the build-up perme- 


Ko, 11 045; Kggt 1 O70 


Ke 745, Kae” 625 


o(t)/ pte) 


275 3.427 
| EXPONENTIAL DISTRIBUTION 
oh LOG-NORMAL DISTRIBUTION 
R- 1286 
we 27 
1625 ane 
melo) 








* 046 


_————— 


eel. —_ — = i 
o1 


FIG. 14—SYNTHESIZED BUILD-UP CURVES. 





——————————— - 7 


Kou’ Kes 
= 


LOG-NORMAL DISTRIBUTION 
QUAS!-RADIAL FLOW 
2783427 


PERMEABILITY RATIO, 


Oo K/h, t 


Qa KY/Rye ° 








$f 


Sine 





FIG. 15 -COMPARISON OF BUILD-UP AND STEADY- 
STATE PERMEABILITES. 


SEPTEMBER, 1961 


as BO Ky/hyes “= 


ability since the computer time necessary for 
such a determination would have been excessive. 

The relative degree of heterogeneity, defined 
by Eq. 20, was determined for the isotropic cases; 
the results are those in Fig. 16. Apparently, the 
degree of heterogeneity is greater for small values 
of (S In a). This is rather misleading since A is a 
relative measure; as the arithmetic and harmonic 
values converge, (S In a) decreases and the value 
of X becomes much more sensitive to errors in both 
the computed data and the graphical determination 
of the slope of the linear segment of the build-up 
curve. Consequently, the usefulness of A is con- 
sidered quite limited. 


LABORATORY EXPERIMENT 


Some time ago, the model studies section of the 
Reservoir Mechanics Div., Gulf Research & Develop- 
ment Co., began to investigate the possibility of 
studying the effect of reservoir heterogeneities on 
recovery processes by means of scaled models. 
Under the supervision of J. H. Henderson, W. T. 
Rouleau constructed a 10- x 10- x 10-in. model 
composed of randomly arranged, uniform, cubic 
elements with different permeabilities. The indi- 
vidual cubes were formed by packing sand into a 
mold according to the techniques developed by 
J. Naar; when the packing was completed, the mold 
was completely immersed in molten wax. After 
they were cooled, the cubes were arranged in a 
cubical container in locations determined with the 
aid of a table of random numbers. The wax was 
removed by heating and extracting with heptane; 
after the wax was removed, the container was vibrated 
to attempt to insure that no by-passing would occur. 
Finally, the effective air permeability of the system 
was determined to have been 60.5 darcies. The perme- 
bility distribution used was that shown in Fig. 17; 
it was approximately an exponential distribution 
with N = 1,000, M = 10 and R = 19.7. The arith- 
metic, geometric and harmoni¢ means were 70.2, 
47.0 and 29.5, respectively. 

The experimental model was numerically sim- 
ulated, and the effective permeability was calculated 
to have been 46.3 darcies for the conditions of the 
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experiment. Then, still using the experimental 
afrangement of permeability elements, the permea- 
bilities between the other two pairs of opposing 
faces were determined to have been 46.1 and 45.8; 
these results indicated that the model was large 
enough to have appeared homogeneously heteroge- 
neous. The elements of the model were successively 
re-arranged at random for 10 additional runs; the 
expected values K and @ were 46.6 and .84, respec- 
tively; the most probable value for the effective 
permeability was, again, virtually identical to the 
geometric mean. 

The lack of agreement between the computed 
permeability and the experimental value indicates 
that either the experimental permeability measure- 
ments, for the individual elements or the entire 
array, were grossly in error or that by-passing 
occurred in the model. In any event, the difficulties 
associated with attempts to model heterogeneities 
physically are apparent;* the same type of uncer- 
tainty that exists in the reservoir problem is still 
present in the model; i.e., given a permeability 
distribution and an effective permeability measure- 
ment, can a probable spatial distribution be found 
that is compatible with all the data? In this case, 
it is obvious that the probable configuration would 
not have agreed with that which was used in the 
construction of the model. 


FIELD DATA 


To illustrate the use of the developed techniques, 
core analysis data and pressure build-up information 
from a wildcat well were evaluated for indications 





*An electrical analogue of the packed sand model was 
constructed by the model studies section. As might be expected, 
the effective conductivity of this three-dimensional, resistance 
network agreed with the computed result and differed from 
that measured on the packed sand model. 
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of heterogeneity. The well was cored over the 
entire gross-pay interval of 150 ft, core recovery 
was 93 per cent and the permeability data from 160 
samples gave the distribution shown in Fig. 18, 
The well was produced (open-hole completion) for 
about a month at an average rate slightly in excess 
of 100 STB/D; then, a pressure build-up test was 
conducted. The data from this test are plotted in 
Fig. 19. 

The permeabilities form a distribution that is 
approximately exponential (b = 9.35). It is charac- 
terized by the following quantities: K,4 = 148 md, 
K g= 20 md, K y= 1.05 md, Ky = 17.2 md, M = 160, 
and R = 11,700. From the analysis of the build-up 
data, the effective permeability was calculated; 
i.e., Kpu = 5.72 md. 

A 16- x 10- x 10-in. model was used to determine 
the expected permeability value for quasi-linear 
flow. The results for five different permeability 
orderings and N/M = 10 were the following: K = 20.5 
md; o = 1.22 md; 18.6 <K < 22.8, confidence level 
= 99 per cent. 
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The relative degree of heterogeneity A was found 
to have been .733, a fairly high value; since the 
build-up permeability was less than the expected 
value, it was apparent that the permeabilities were 
arrayed in a manner more similar to a series system 
than a parallel one. 

Based on the relationship between op and oy, 
(e.g., Fig. 12), it was conjectured that a radial 
model with N/M = 10 would probably yield a steady- 
state permeability reasonably close to the field 
build-up permeability within 10 trials. For Ax = Ay 
= 57.5 ft and Az = 50.0 ft, a 23- x 3- x 23-in. model 
simulated an isotropic reservoir with a drainage 
area of 40 acres and a thickness of 150 ft. 

After testing only two random arrangements of 
the elements in the model, an ordering was found 
which gave an effective steady-state permeability 
Kgs of 6.81 md. Using that same ordering, the 
transient behavior of the model was computed; the 
resulting build-up curve is indicated by Fig. 19. 
The permeability determined from the synthesized 
build-up curve was 6.25 md. This value is within 
10 per cent of the field build-up permeability. 

The outlined method for evaluating reservoir 
heterogeneity from core and build-up data gives 
maximum-likelihood estimates for the expected 
permeability value K and the standard deviation o. 
In addition, the relative degree of heterogeneity 
A, an indirect measure of the scale of heterogeneity 
N/M or Ax, and an approximate spatial permeability 
distribution are determined. Although most of these 
measures are only qualitative and the permeability 
configuration is certainly not unique, this type of 
approach appears to be reasonable. Some ambiguity 
is present in the suggested model since the mesh 
spacing is affected by the anisotropy of the system 
as well as by the number of elements. Before 
quantitative results can be expected, an independent 
method for determining the effective anisotropy of 
the formation must be developed. 


SUMMARY, CONCLUSIONS 
AND RECOMMENDATIONS 


The objectives of this investigation were to 
study the effect of the disposition of heterogeneous 
permeabilities on single-phase flow for a known 
permeability-distribution function and to attempt 
to infer the presence and probable configuration of 
heterogeneities from core analysis and pressure 
build-up data. These objectives were achieved in 
a qualitative sense under the restrictive assumption 
that both the core data and the build-up information 
represented valid measures of the reservoir prop- 
erties. 

Physical models consisting of random three- 
dimensional arrays of homogeneous porous blocks 
were studied. The permeabilities of the individual 
elements were assigned according to a specific 
distribution function; uniform anisotropy was in- 
troduced by varying the relative dimensions of 
the porous blocks. A particular model was perturbed 
by simply re-arranging its elements at random; the 
effect of these perturbations on the behavior of 
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the physical model was determined by digitally 
solving its numerical analogue. 

Steady-state flow in quasi-linear and quasi-radial 
systems was considered; for these cases, the results 
were interpreted statistically. Transient flow in a 
quasi-radial geometry was studied by synthesizing 
pressure build-up curves and using conventional 
analysis. A comparison of the computed behavior 
of a known system with laboratory data was made; 
agreement was not obtained. The application of 
the developed techniques to the evaluation of field 
data was illustrated; a permeability ordering was 
found such that the field build-up curve was approx- 
imately reproduced. 

Based on computational experiments, subject to 
the limitations implied by the assumptions that 
were made, the following general conclusions are 
inferred. 

1. The most probable behavior of a heterogeneous 
system with single-phase flow approaches that of 
a homogeneous system having a permeability equal 
to the geometric mean of the individual permea- 
bilities. 

2. The effects of flow geometry and anisotropy 
on the most probable value for the effective permea- 
bility of a heterogeneous medium are finite but not 
significant. 

3. The permeability determined from a pressure 
build-up test of a heterogeneous reservoir gives a 
reasonable value for the effective permeability 
within the drainage area. 

4. Qualitative measures of the degree and the 
scale of the heterogeneity and its spatial configura- 
tion are obtainable if core analysis and pressure 
build-up data are available. 

Since this investigation is exploratory in nature, 
it leaves many questions unanswered; as an example, 
no attempt was made to extend the study on a field- 
wide basis. In retrospect, there were many areas 
in which obvious improvements could have been 
made; e.g., the use of a fixed mesh for computational 
purposes and a superimposed variable mesh for 
locating the permeability elements and varying their 
size would have minimized the effects of truncation 
and round-off errors. Despite these deficiencies, 
it is fele that this work represents the first con- 
sistent and logical attempt to treat the basic problem 
of describing heterogeneous reservoirs. 

It was indicated that the validity of the conclu- 
sions drawn from the numerical experiments depended 
on the assumption that the core analysis and the 
pressure build-up data represented true reservoir 
characteristics. Unfortunately, this is a weak 
assumption since it is known that the required 
information generally contains various types of 
errors; however, it is apparent that many of the 
errors are avoidable. 

In obtaining core analysis data to describe a 
reservoir, it is recognized that two principal types 
of errors occur — those related to sampling methods 
and those due to testing techniques. The most 
probable errors are the result of coring an insufficient 
number of wells, incompletely coring the entire 
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productive interval, recovering only part of the 
core from friable or poorly consolidated sections, 
selecting core samples only from those sections 
that appear promising, choosing test samples from 
irregular limestones and fractured sandstones that 
are macroscopically heterogeneous, changing the 
properties of the cores by extracting, drying and/ 
or ageing the samples, masking the effects of 
clays by using samples that do not contain connate 
water, failing to apply the Klinkenberg correction 
to gas permeabilities and neglecting to correct the 
values measured on low-permeability samples for 
the effect of rock compressibility. All of these errors 
with the exception of those due to partial core 
recovery and incomplete sampling, cause the meas- 
ured permeabilities to be greater than the true 
values. 

The errors associated with permeability deter- 
minations from build-up tests are less obvious. 
The most probable errors result from selecting the 
incorrect portion of the build-up curve — caused 
by a lack of stabilization prior to shut-in, an 
insufficient shut-in period, after-flow or phase 
re-distribution in the well — and failing to consider 
the effect of multiphase flow on the behavior equa- 
tions. Errors from these sources cause the calculated 
permeabilities to be lower than the true permea- 
bilities. 

It is evident that the errors in core analysis and 
build-up data combine to indicate a higher degree of 
heterogeneity than that which actually exists in the 
reservoir. Furthermore, results based on these 
erroneous data tend to imply that the spatial per- 
meability distribution is of the series type rather 
than parallel. 


NOMENCLATURE 


A = Stieltjes permeability matrix, dimen- 
sionless 

B = normalized Jacobi iteration matrix, 
dimensionless 

D = diagonal capacitance matrix, 1/T 

K = absolute permeability, L? 

K = most probable value of effective per- 
meability, L2 


A 
I 


effective permeability of heteroge- 
neous medium, L2 
K, = arithmetic mean permeability, L? 
K gy = build-up permeability, 
K .. = Geometric mean permeability, L? 
Ky = harmonic mear permeability, L? 
Ky = median permeability, L* 
K,, = mode of permeabilities, is 
Koy = steady-state permeability, L? 
K,,/K}, = anisotropy, ratio of vertical and hori- 
zontal permeabilities, dimensionless 


M =number of classes in discrete distribu- 
tion, dimensionless 


N = number of elements, or mesh points; 
in model, dimensionless 











probability that a permeability is less 
than or equal to K, dimensionless 
R = ratio of maximum and minimum permea- 
bilities for discrete distribution, 
dimensionless 
S$ = standard deviation for log-normal dis- 
tribution, dimensionless 
a = measure of class interval for log-normal 
distribution K,,/K,.,, dimensionless 
characteristic parameter for exponential 
distribution, dimensionless 


> 
i 


= liquid compressibility, LT2/M 

= boundary condition vector, M/LT? 

= formation thickness, L 

number of runs, dimensionless 

= pressure, M/LT? 

= production rate, L3/T 

= slope of linear portion of build-up curve, 
M/LT2 (cycle) 

t =time, T 


uo t+ 3S em 
HI 


t. = time of shut-in, T 
x,y,z = rectangular co-ordinates, L 
Ax, \y, Az = difference operators, 1/L 
5 = permissible error in pressure, M/LT2 
€ = probability that a maximum-likelihood 
estimate will fall outside the con- 
fidence interval, dimensionless 


€ = correlation factor for maximum-likeli- 
hood estimate of standard deviation, 
dimensionless 

dimensionless 


6 = relative redundancy, 


A = relative degree of heterogeneity, dimen- 
sionless 
ft = viscosity, M/LT 
p(B) = spectral radius of matrix B, dimen- 
sionless 
o = standard deviation for effective perme- 
abilities, L2 
most probable standard deviation for 
effective permeabilities, L? 


Q> 
" 


¢ = porosity, dimensionless 
@ = acceleration parameter for iterative 
process, dimensionless 


w = fraction of less permeable material in 
discontinuous distribution 
SUPERSCRIPTS 


— = vector 


T = transpose of a matrix 


m = order of iteration 
SUBSCRIPTS 
R = quasi-radial 
L = quasi-linear 
hb = horizontal 
i,j,k = dummy indices 
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APPENDIX A 


STEADY-STATE SOLUTION 


In matrix notation, the equation to be solved has 
the following form. 


a 


Because of the nature of the physical problem, the 
use of arectangular mesh and the method employed 
to derive the difference equation, A is a two-cyclic, 
N x N Stieltjes matrix2® Xx is the unknown vector 
representing the potential distribution; g is a known 
vector whose entries are determined only by the 
boundary conditions. 

After a suitable permutation of indices, the matrix 
may be partitioned as shown in Fig. 20.* 

The co-ordinates x, y and z corresponding to a 
particular point are given by i\x, j\y and kz, 
respectively; the total number of mesh points in 
each direction is p, q and r; and the total number of 
points N is equal to p-q-r. For the simple line method 
that is to be used, the nonsingular, diagonal sub- 
matrices, Aj;,;, are p x p tridiagonal for 1 <j <B 
where B = q-r. When either q or r is even, a = %4 





*The treatment described is an abridgement of the detailed 
approach given by Varga.22 





given or guessed and the superscripts refer to the 
l order of the iteration. 
0 The acceleration parameters are calculated by 
| 
| 
| 
| 
| 





means of a recursion relationship. 
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| 
| where ; 2 
| din ere oe 
BT 7 O r,s (B) 
| A In this equation, p(B) is the spectral radius of 
a | BB B, i.e.,the absolute value of the largest eigenvalue, 
—" ae Because of similarity, p(B) = p(B) where B=1 - 
‘ C-1A, In all calculations, p(B) was based on experi- 
oS or 
imation is given in Ref, 28. It was observed exper- 
interation28 overs complete horizontal line of mesh imentally that p(B) was fairly insensitive to the 
points in the x-direction. ; entries in the matrix A while it was very sensitive 
Let C be the pearere diagonal matrix composed to the geometry. In fact, correlating p(B) with the 
a = pins cr ew nme Aid of aa fraction of non-zero entries in the vector g for the 
ERS SE A; eR, ee Wee see homogeneous case permitted the p(B)’s for the 
normalization procedures allow Eq. A-1 to be written heterogeneous case to be adequately estimated, 
as follows. Similar observations concerning the effect of per- 
turbations on the spectral radii of matrices have 
- ~- = been reported in the literature.29-31 
= HE ici P : 
pay h ; The norm used for halting the iterative procedure 
wine was the following. 
, eo x ( m+t) — (m) 
= on V2 4 max; Y; — Ts <(2-w) 8;1Si<N 
toes g 
~ -1/2 -1/2 er ee ee eee eS 
pei <t ge “™ ae 
The matrix B is symmetric, non-negative, irre- where 5 = desired accuracy and 
ducible and convergent; therefore, the modified 
Chebyshev semi-iterative method can be used to 2 
solve Eq. A-2. This technique is defined by the w= . 
following pair of equations. 1+ / -" p2 (B) 
(2m+l)_ . = (2m) ee 
Finis = w >. + The initial guess for all cases was y; = 0.0, 
a+j 2m +1 a+j,k k ; : ] 
k=1 1<i<N; 6 was fixed at .0001 for all runs to guaran- 
tee at least four significant figures of accuracy. 
- (2m-1) + (2m-1) For a 9- x 9- x 9-in. model with flow over two 
+ H a4j Ya +j ee5.C«* opposing faces, the required time of computation 
was 105 seconds on the IBM 704. With a fixed 6, 
i<i< wisi the total volume of computation varied with N In 
Sj> B-a=; a 
B-a APPENDIX B 
(2m +2) { = fame 
. =w . + 
J ROES tect ek ee TRANSIENT SOLUTION 
Using matrix notation, the equation to be solved 
(2m) + vy (2m) is the continuous time-discrete space form that 
+ H;, - Y; se 3 
J : | follows. 
iS jZa,m20..... (A-3) p 3% _— ee (B-1) 
where the vector components ye, 1<j<a, are dt 
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D is a positive diagonal N xN matrix; A is a two- 
cyclic N x N Stieltjes matrix; x is the vector of 
unknown potentials; and g is a known vector with 
time independent components determined by the 
boundary conditions. 

The solution to Eq. B-1 can be obtained in the 
conventional manner. 


és -l- = 
x(t)=A g + exp [- (1-14) D A | 
Li ee) eee 
Expanding the exponential in the Crank-Nicholson23 


form leads to an implicit approximation? for the 
solution to Eq. B-l. 


E a x (1, + an=-[a-22]z0, +25 
where At =t — to. 


Some computation can be saved if Eq. B-3 is 
written in the following form. 


[a BP lin=-Od+ APH (1,)+ 29 (1) 


(B-4) 
where 


a ont 
Q(t.) = Jas 20 | x (t,): 


Since [4 +2 is symmetric and positive definite, 
t 


a regular splitting32 would be 
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. » (B-5) 


20 = oe . . . 7 . . . . 
[a+ 20 = B-C 


B is tridiagonal, and C has zero diagonal entries 
with no more than six non-zero entries per row. 
Because B is symmetric and positive definite, 
there are unique matrices33 R and T such that the 
following factorization exists. 


t 
B=RT TR . . (B-6) 
R is a diagonal matrix and T is an upper triangular 
matrix with unit diagonal entries. 
Eq. B-4 can now be written as follows. 


e ©€ €, 6 @ . ee @ 


T'TY(1,+ At)-(R CR DV (1, + At) = 
-Ix ol ee de 
-# 'O,) + 4 (R OR yy (to)+2R "9 


« »« »(B-7) 


where 


y (t) = Rx (t) 


RO )= T Ty (t-(RICR™) y (4). 


If y (t,) is known, Y (t+ At) can be obtained by 
solving the simultaneous equations represented by 
Eq. B-7. This was accomplished by using the 
single line version of the modified Chebyshev semi- 
iterative method described in Appendix A. 

Using a 27- x 3- x 27-in. model and 5 = .0001 in 
Eq. A-5, the number of iterations per time step 
varied between four and seven depending on the 
well penetration. On the average, the computer 
time required to complete one time step was 30 
seconds; therefore, the calculation of the depletion 


and build-up required about 30 minutes per case. 
kk 
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ABSTRACT 


Pressure drop characteristics in a system com- 
posed of two adjacent concentric regions of different 
permeability were studied. The differential equa- 
tions for continuity of mass flow in the two regions 
were solved using the Laplace transformation and 
the necessary boundary conditions to give the 
pressure distribution in the composite reservoir. 
the resulting equation for pressure drop at the 
inner boundary was evaluated for a variety of 
composite reservoirs and compared with the results 
for a uniform reservoir. From this study it was 
found that under certain conditions the permeability 
in both zones, as well as the size of the inner 
zone, can be determined from the pressure drop 
curve. 


INTRODUCTION 


The theory for the pressure distribution and 
pressure build-up behavior of a well producing a 
single, slightly compressible fluid from infinite and 
finite homogeneous reservoirs was presented by 
Horner! and Miller, Dyes and Hutchinson.? Exten- 
sions on this original work to provide improved and 
extended interpretations and better agreement be- 
tween theory and observed results have been made 
by Matthews, et al,> van Everdingen,* Gladfelter, et 
al,> Stegemeier and Matthews© Hurst and Guerrero,’ 
and Perrine.® ‘More recently Lefkovits, et al,? 
studied pressure build-up behavior in bounded 
reservoirs composed of stratified layers. 

Houpeurt!0 has suggested various approaches 
to the general problem of variable permeability and 
porosity but presented no analytic solutions for 
particular permeability variations. Albert, Jaisson 
and Marion!! studied the finite composite reservoir 


and presented numerical solutions to the unsteady- 
state case and an analytical solution valid only for 
large times. They also studied the so-called pseudo- 
steady state for several examples of radial permea- 
bility variations. Very similar examples have been 
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treated in the unsteady state with application to 
pressure build-up by Loucks in an unpublished 
manuscript. 

More recently Hurst 12 has presented the complete 
point-sink solution (valid for all times) for the 
infinite composite reservoir. He applied these 
solutions to interference between oil fields along 
with an even more elegant application of his explicit 
solution to the material-balance equation including 
water influx, Mortada!3 approaches the same appli- 
cation by avoiding the point-source limitation but 
gives the solution for the aquifer region which is 
valid only for large times. Hopkinson, Natanson 
and Temple !4 have treated both the finite and 
infinite composite reservoir obtaining the pressure 
distribution for the inner zone valid for large times. 

This paper presents a theoretical study of the 
pressure distribution in an infinite composite 
reservoir composed of two adjacent concentric 
regions of different permeability. The object was to 
determine the manner in which pressure drop at the 
inner boundary of a composite reservoir depends 
upon time, the permeability of each zone and the 
size of the inner zone. Expressions for the pressure 
distribution in both zones are developed which 
take into account the radius af the sink and are 
valid for small times as well as large times. It 
was felt that an understanding of the pressure drop 
behavior in various composite reservoirs would be 
of assistance in the interpretation of some pressure 
build-up curves which do not behave according 
to the theory derived for uniform systems. 

Often the region surrounding the wellbore is 
either more permeable or less permeable than the 
reservoir because of the various drilling and com- 
pletion practices. The effects of reduced permea- 
bility due to drilling-fluid invasion and of increased 
permeability due to fracturing or acidizing need to 
be more carefully defined. Therefore, an equation 
for the pressure drop in a composite reservoir was 
developed, and the effects of both the permeability 
in each zone and the size of the inner zone were 
studied. 


STATEMENT AND SOLUTION OF PROBLEM 
BOUNDARY CONDITIONS AND ASSUMPTIONS 


The physical system studied was a composite 
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reservoir made up of two adjacent concentric regions 
of different permeabilities (Fig. 1). The reservoir 
was assumed to extend infinitely in the radial 
direction and to be bounded on the top and bottom 
by impervious planes. The inner zone (Zone 1) 
was assumed to be uniform and to have an average 
permeability ky. The outer zone (Zone 2) was also 
assumed uniform and its permeability was ko. 

Initially, the reservoir was assumed to have 
zero pressure drop throughout both zones. Then 
the reservoir was produced through the inner 
boundary at a constant rate. The requirements at 
the intermediate boundary were that the pressures 
a small distance on each side of the interface 
remain equal for all times and that the flow rate 
from the outer zone always be equal to the flow 
rate into the inner zone. 

By imposing these conditions on two general 
solutions of the diffusivity equation, an expression 
for the pressure distribution was developed for each 
zone using the theory of Laplace transforms. These 
equations define the pressure at all points in the 
reservoir for all times. The expression for pressure 
distribution in the inner zone was then specialized 
to give the relation between the pressure drop at 
the inner boundary and the length of time the con- 
stant rate had been imposed. 


DERIVATION OF EQUATIONS 


The equations which express the continuity of 
mass flow through each of the zones are 


= al ad ahs ek (1) 
tp Op L? ap Y1 Op iat 
and 

2 Sa]. 1 Be ee 
tp Op orp y2 op 


where y, is the dimensionless constant which gives 
the permeability in Zone 1 when multiplied by k 
an arbitrary reference permeability, yz is similarly 
defined to give the permeability in Zone 2, rp is the 
dimensionless radial distance (m=r/r,,), tp is the 
dimensionless time (t = kt/dycry?), and P is the 
pressure drop in atmospheres (P = p, — p). 

The general solution of the equations resulting 
from taking the Laplace transformation of Eqs. 1 
and 2 with respect to time has been shown to 


























FIG. 1 — PHYSICAL SYSTEM STUDIED. 
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P, (s) = Alg(qyrp) + BKo(qyrp) » » - « + (3) 
P (s) = Cly(qgorp) + DKo(qarp) +--+ ~ (4) 


where P(s) is the Laplace transformation of the 
pressure drop, s is the Laplace operator, q, = 
VS/V yy and q2 = VS/V y2- 

The boundary conditions (transformed) are 











dP, (s) 
Tp ~ = —&/y,s at rp = 1, 
orp 7 
Py(s) = 0Oatrp =o, 
P,(s) = Py (s) at p= @, 
and 
OP, (s) AP, (s) 
V1 coy aa at Tp =a. 


op orp 


The equations resulting from the imposition of 
the four boundary conditions can easily be shown 
to be 


Aly (41) — BK, (q,) = -€/yi MS» 
Cc =0, 
Alp(aq,) + BKy(aq,) = DK of aqy), 
and 


Al;(aq,) - BK (aq) = 1k (aq) 


where y = Vy1/V}2- 
From these equations the values of the constants 
in Eqs. 3 and 4 are found to be 


A = [ nn] [ yKofag2) Ky(agy) 

«ie (ag) Ky(aq)], verre 
B = [ & ins] [ tofaay) K (aq) 

+ yK of agy) Iy(aq1)], ois ciara. so 


D = [ &/anas] [ tofagy) K ,(aq,) 

+ Kofaqy) (aq) J. eee ee ee 
where 

\ = yKofagy) [1y(agy) Ky(q4) ~ Iy(qq) Ky(aq)] 
+ Ky(aqy) [hy (a4) Ko(agy) + by(agy) Ky(91)] 
+. me Bade (8) 
With these constants thus evaluated and sub- 
stituted into Eqs. 3 and 4, the transformed solutions 
for pressure distribution are completed. These 


equations will now be inverted by the Bromwich — 
Wagner integral. 17 


Pressure Drop in Zone | 


The expression for pressure drop in the inner 


171 


zone is given by 


tis 1 
F (rp tp) = Lb {Fst “<7 
5 tu V+iR = 
> ees ee a (9) 
78° peiR 


Since for ¢p = 0 the integrand is equal to zero,18 
this can also be written 


-1 v+iR 
F, (tp,tp) = oa3 fa ~ eStp) P; (s)ds 
7m v4iR 


. (10) 


Since the denominator (A) of P,(s) has a branch 
point at s = 0, the contour of Fig. 2 is used. The 
contribution of the small circle around the origin 
is zero,!8 and the integral in Eq. 10 can be replaced 


by the eS: values of the integrals along CD 
and EF,19,20,17 Thus, 


0 ee 


= 00 Stn — 
+ f(l-e “)Py(s)ds}.... (11) 
0 


In the first integral {(1) along CD, let s = yew? 
to get 
eM 74D) (A + id) 


2i€ -0(] - 
JM= yy v1 H 


where 
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FIG. 2 — CONTOUR USED FOR INVERSION. 


"Next returning to the second integral f{ (2) in Eq. 


























® = yYo(yaw) [hh (aw)Y;(w) - Jy (w)Y, (aw) | 
+Y; (yaw) [Jy (@) Yo (aw) — Jo(aw)¥; (w)); 


Ww = yJo(yaw) Uh; (aw)Y;(w@) - J, (@)¥; (aw) | 
+ Jy (yaw) [hh (@)Yo (yaw) ~ Jo (yaw) ¥, (a) }; 
A = aJo (arp) ~- mY (wtp); 
A = b]g(arp) — nYo(arp); 
@ = YJo(yaw)Y; (aw) — J; (yaw) Yo (aw); 
b = Yo(aw)¥; (yaw) — yYo(yaw)Y; (aw); 
m = yJo(yaw)], (aw) - Jo(aw)] 1 (yaw); 
n = Jo(aw)Y; (yaw) — yj; (aw)Y¥o(yaw) . . (13) 


Multiplying numerator and denominator by ®~iy, 
the complex saa of the denominator, gives 
2 ~e~¥14%tp) 

oe 





f@-= 


a +A + (OA ~ Av)] 
(92 + wW2) 





dw... (14) 


ll, lets =ye 17 ¢? along EF and rationalize the 
dnneninanne to get 


f(2)= aT {1.97 i *tp) 








1 0 @2 
[MA +AW - (DA-~ Aw)] 
— WD . . . . 1 
(2 + B) dc (15) 


Adding f (1) and f (2) and recalling Eq. 11, it 
follows that 


2 1 —e7¥17tp) 
Pi (rpst pas f i 





w2 


[MA + AW] 
(D2 + 2) _ 


Pressure Drop in Zone 2 


The expression for pressure drop in the outer 
zone is found in a manner similar to that used for 
Zone 1 to be 


rs 1@ tp) 


@> 


4yE ~@ (1 - 
'p tp) ai n2y,a f 





P, ( 


[WYo(yarp) - PJo(yarp)) 
(2 + w?) 





@ . (17) 


Pressure Drop at the Inner Boundary 


An expression for the pressure drop at the inner 
boundary is found by setting rp = 1 in Eq. 16. By 
expanding the numerator and combining terms, it 
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it 








is found that the bracketed expression reduces to 
simply 
MA + WA = 8/73 w3a2, 


Thus, the pressure drop at the inner boundary is 
given by 
“se © @-« 


e-Y107t p) 
4 


P(ty) = 
ai ys a® 0 w(2 + W?) 








wm . (18) 


Pressure Build-Up 


Let 5 be defined as that value of w such that 
neither of the two expressions yaw and yw is greater 
than .02. Then if Eq. 18 is broken up into two 
parts, 





P(t,) = ane SJ ; (1 —e%1 ©7tp ) (@)dw 
16&é oo 2 
S — oy 104*t p od 
ny, a2 ale )f(w)da, 
where 


flo) = 1/[w5(@2 + W2)), 


the approximations for Bessel functions of small 
argument can be used in the first integral to give 


@ -4/(n* yw2a), 
W = y/(na). 


ll 


Since w is small, the value of W2 is negligible 
compared to ®2, and the first term in the P(tp) 
equation reduces to 

/ ; g.5 7%) 


@ 
2 6 





daw. 


It has been shown!5 that this is equivalent to 
q 


as [c -~ Ei(-y,82t,,) + log(y,52t,)I . 
Y2 


Using this, the expression for pressure drop at the 
inner boundary becomes 


P(tp) = - [C — Ei(—y,52tp) + log(y,52tp)] 


+ 16 . fa 
wy, a2 ; 





ee e¥1©7tD) (edo 


(19) 
For large time, say y152tp >8, both the exponential 


integral and e~Y1®?tp become negligible and Eq. 
19 reduces to the form 


P(tp) =C9o +> _ (tp) .« oe ae ane a (20) 


where Cy is independent of time and is given by 
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16 »& 1 
C, Po J flw)do + —I[C + log(y,5?)). 
a” 3 2y 


Since P(tp) = pe — Pltp), 


P(tp) = Pe i Sat oe = 7 lost) << nace Ce 


By superimposing three expressions for pressure as 
given in Eq. 21 in order to simulate the pressure 
build-up test procedure, we arrive at the following 
pressure build-up equation. 


qu t(q) + At 
~ tales log rv ic: a wo: 


where ¢t(q) is the time during which the reservoir 
was produced at the constant flow rate (q) before 
it was shut in, and At is the shut-in time. Thus, 
we have found that the pressure build-up equation 
given by Horner! is valid in the composite reservoir 
with the restriction on time that tp >8/y,5%. We 
have also proved that the permeability in the log 
coefficient is that of the outer zone in the region 
distant from the well. 


p(At) = pe 


RESULTS 


The pressure drop at the inner boundary of several 
composite reservoirs is presented in Figs. 3, 4, 5 
and 6. The curves were obtained by using Eq. 19 
for € = 1 with the modification that for y,57tp <1, 
the term 


[C - Ei(-y,87tp) + logly157tp)] 


was found to be best computed using the series 


oo 


DX ((-ay*t! (y, 82tp)*/ntn). 


At this point the reason for setting ky= y k and 
ky = Yok becomes apparent. By arbitrarily setting 
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FIG. 3 — PRESSURE DROP AT THE INNER BOUNDARY 
AS A FUNCTION OF DIMENSIONLESS TIME FOR 
COMPOSITE RESERVOIRS IN WHICH THE RATIO OF 
THE PERMEABILITY OF THE INNER ZONE TO THAT 
OF THE OUTER (y,/y,) IS LESS THAN UNITY. THE 
RADIUS OF tHE INNER ZONE IS 40 r,, 


























ko =k (yz = 1), the dimensionless time term tp 
becomes equivalent to the corresponding tp used 
by Hurst and van Everdingen!® for a uniform reser- 
voir with permeability ky. Thus, y; =k,/k =k /ky 
becomes the ratio of the permeabilities in the two 
zones. This enables us to compare the pressure 
drop behavior of a homogeneous reservoir of perme- 
ability ky with the behavior of the same system 
modified by an inner zone of radius ar, which has 
a permeability equal to y,kz. However, it should 
be realized that this particular selection was com- 
pletely arbitrary and the user of the basic equations 
is free to make his own selection for the purpose 
at hand. 

Fig. 3 shows the pressure drop P(tp)as a function 
of dimensionless time ¢ p for a reservoir of permea- 
bility k» in which the inner zone of radius 407, is 
less permeable. The ratio of the permeabilities is 
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FIG. 4 — PRESSURE DROP AT THE INNER BOUNDARY 
AS A FUNCTION OF DIMENSIONLESS TIME FOR 
COMPOSITE RESERVOIRS IN WHICH THE RATIO OF 
THE PERMEABILITY OF THE INNER ZONE TO THAT 
OF THE OUTER (y,/y,) IS GREATER THAN UNITY. 
THE RADIUS OF THE INNER ZONE IS 250 fr, . 
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FIG. 5 — PRESSURE DROP AT THE INNER BOUNDARY 

AS A FUNCTION OF DIMENSIONLESS TIME FOR 

COMPOSITE RESERVOIRS IN WHICH THE RATIO OF 

THE PERMEABILITY OF THE INNER ZONE TO THAT 

OF THE OUTER (y,/y2) IS 1/10. THE SIZE OF THE 
INNER ZONE IS ar,,. 


given by the parameter y,/yp. 

Fig. 4 shows P(t p) vs tp for the same reservoir 
except the inner zone has a radius of 250 7 and 
the permeability in this zone is greater than that 
in the rest of the reservoir. 

Figs. 5 and 6 show the effect of the radius of 
the inner zone. Fig. 5 is for an inner zone with 
1/10 the permeability of the rest of the reservoir, 
Fig. 6 is for an inner zone with a permeability four 
times greater than the reservoir. 

Fig. 7 shows the pressure drop curve for the 
cases in which the radius of the inner zone was 
taken to be very large. 


DISCUSSION OF RESULTS 


It should be remembered in the interpretaticn of 
these curves that they are all calculated for the 
same flow rate (& = qp/4mbk = 1). For this reason 
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FIG. 6 — PRESSURE DROP AT THE INNER BOUNDARY 
AS A FUNCTION OF DIMENSIONLESS TIME FOR 
COMPOSITE RESERVOIRS IN WHICH THE RATIO OF 
THE PERMEABILITY OF THE INNER ZONE TO THAT 
OF THE OUTER (y,/y,) IS FOUR. THE SIZE OF THE 
INNER ZONE IS ar,. 
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FIG. 7 — PRESSURE DROP AT THE INNER BOUNDARY 
AS A FUNCTION OF DIMENSIONLESS TIME FOR TWO 
COMPOSITE RESERVOIRS WITH LARGE INNER ZONES. 
THE RATIO OF THE PERMEABILITY OF THE INNER 
ZONE TO THAT OF THE OUTER IS GIVEN BY (y,/Y2) 
AND THE SIZE OF THE INNER ZONE IS ar,. 
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some of the pressure drop values are very large. In 
practice, the flow rate would necessarily be less 
for an increase in the resistance around the well. 
However, changing the value of q for the purpose 
of presentation would also change the slope of the 
linear portion of each curve. It was felt that the 
graphs served better in their present form to point 
out the important fact that: the linear portion for 
large time yields the permeability of the outer zone 
regardless of the condition of the inner zone. This 
can also be seen from Eq. 22. The slope of the 
pressure build-up curve for large time is given 
by the coefficent of the log term. For a given 
q, wand 4, it is dependent only upon ko, the per- 
meability of the outer zone. F 

The time for which Eq. 22 becomes valid was 
found in the calculations to be when the term 1 — 


ee 

€ yp could be approximated by y452tp. This 
is valid for ¥157t p < .01. Recalling the definition 
of 5, the following equations can easily be developed. 


ty =25a%7y, (y<1); 
t= 25 a/y, (y>1).. 6-262 - (23) 


where ¢p’ is the value of dimensionless time at 
which the linear portion of the pressure drop curve 
for large time begins. This is the time at which 
the so-called large time solution becomes valid. 

As an example for comparison purposes, the 
conversion between ft, and ¢ in minutes for a 
particular reservoir (S=.20, p=1 cp,c =10°~/psi, 
Ty = .25 ft and kz = 100 md) is t(min) = 2.84 x 
104tp. For this reservoir if y,/y. = 4 and a=250, 
then ¢’ is found to be 7.4 hours. It is of interest 
that this value of t’is valid for any yy/y2 > 1 since 
we have taken yy = 1 and y, does not enter the 
expression for t p’ in Eq. 23. For y,/y2 < 1, how- 
ever, tp’ depends not only on a but also on the 
ratio yy/y2. Of course, the effect of the number 
a?usually far outweighs that due to the y;/y ratio. 

The limiting case in which a + ~ is of interest. 
One would expect that the resulting pressure drop 
curve would have the slope m = qpu/4mbk , where 
ky = yk. Therefore, if some intermediate value 
of awere taken so that two linear portions developed, 
we would expect the inverse ratio of the resulting 
slopes to equal the ratio of the permeabilities of 
the two zones. This possibility was explored by 
taking a relatively large value of a. As seen in 
Fig. 7, the resulting pressure drop curves had two 
linear portions. The ratio of the slope of the first 
linear portion to that of the second was indeed 
found to equal y2/y,. It was also of interest to 
check the time at which the second linear portion 
began. It was found to agree with that predicted by 
Eq. 23. This indicates the possibility of detecting 
permeability changes of this type from the pressure 
build-up curve. After determining the permeability 
of each zone by the Horner method, then the appro- 
priate form of Eq. 23 can be selected. This equation 
then affords a method of calculating the size of 
the inner zone from the knowledge of the time at 
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which the second linear portion begins. However, 
in the cases shown, the radius of the inner zone 
had to be very large before the earlier linear 
portion was able to form. For smaller a, as in Figs. 
3 through 6, there is no obvious rule as to the 
behavior of the early portion of the curves. In these 
cases we are unable to determine either the perme- 
ability or the size of the inner zone. However, the 
early portion of the curve is usually distorted for 
reasons not considered in this study (after-flow, 
etc.). 

Figs. 3 through 6 provide qualitative information 
for those faced with the task of interpreting pressure 
build-up or pressure drop curves. By studying the 
effects of the known reservoir nonuniformities pre- 
sented in these figures, one can learn to recognize 
the characteristics of such phenomena. This 
familiarity with nonuniformities should assist 
the engineer in selecting the proper build-up portion 
for determining the permeability of the reservoir. 


CONCLUSIONS 


From the study of pressure drop in composite 
reservoirs, the following conclusions have been 
reached. For a composite reservoir with a large 
inner zone, the pressure drop curve has two linear 
portions. The permeability of each zone can be 
determined from the slope of the corresponding 
linear portion using the Horner method. The size 
of the inner zone can be determined by selecting 
the time at which the second linear portion begins. 
For a composite reservoir with a small inner zone, 
the first linear portion does not always form, and 
only qualitative information from the shape of the 
curve is available for the inner zone. Regardless 
of the condition of the reservoir near the wellbore, 
the permeability of the outer reservoir can be 
determined in the usual manner. However, the 
time at which the linear portion should begin is 
delayed by the presence of a zone of different 
permeability near the well. 


NOMENCLATURE 


a = see Eq. 13 
b = see Eq. 13 
= Euler’s constant, .5772157... 
h = thickness of the reservoir, cm 
I) = modified Bessel function of the first kind, 
zero order 
I, = modified Bessel function of the first kind, 
first order 
Jo = Bessel function of the first kind, zero order 
J, = Bessel function of the first kind, first 
order 
Ko = modified Bessel function of the second 
kind, zero order 


K, = modified Bessel function of the second 
kind, first order 


arbitrary reference permeability, darcies 


~| 
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see Eq. 13 
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see Eq. 13 
P = pressure drop = p, — p, atm 
p = pressure, atm 


Pe = original reservoir pressure, atm 


P(t 


Laplace transformation of P 
p) = pressure drop at the inner boundary, atm 


p(At) = pressure build-up, atm 


q = volumetric flow rate, cc/sec 


q, = Vs/V¥1 
">= Vs/V¥2 


th = dimensionless time, (th = kt/®ycr 


r = radial distance, cm 


a = dimensionless radius of the inner zone, 
(tp = */%y) 
s = complex Laplace operator 


2) 


t(q) = time that q has been imposed, seconds 
At = shut-in time, seconds 
@ = Vp/\Vy; where p is the radial distance in 
the s-plane 
Yo = Bessel function of the second kind, zero 
order 
Y, = Bessel function of the second kind, first 
order 
y = Vyi/Vy2_ - 
¥, = defined by ky = y1k 
Y2 = defined by k, = Yk 
65 = that value of w such that neither of the 
two expressions ywa and wa is greater 
than .02 
A = see Eq. 8 
A = see Eq. 13 
A = see Eq. 13 
pt = viscosity, cp 
& = qp/2nbk 
® = see Eq. 13 
@ = porosity 
Ww = see Eq. 13 
log = natural logarithm 
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Stresses Caused by Bit Loading at the Center of the Hole 
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ABSTRACT 


Although an oil well is a long cylindrical hole 
with an irregular bottom, it appears likely that the 
nature of the stress concentration at the bottom of 
the hole can be ascertained from an analysis of the 
stresses around a short cylindrical cavity with 
rounded corners and smooth bottom. Such a cavity 
is studied primarily because it leads more readily 
to a solution to the problem by the use of stress 
functions. In this paper the stress distribution 
around a short cylindrical cavity subjected to bit 
loading, overburden and drilling-fluid pressures 
is determined by means of an analytical solution 
which approximately satisfies the boundary con- 
ditions of the problem. From this solution the stresses 
at the corner of the hole are calculated to be about 
35 per cent lower than comparable results obtained 
by photoelastic and relaxation analyses. This dif- 
ference is apparently due to the large radius of 
curvature at the corner of the cavity in the present 
analysis. Since good agreement is obtained between 
the results of this analysis and the stresses calcu- 
lated for a similar loading on a semi-infinite elastic 
solid, it is concluded that the bit action in the 
region near the center of the hole is not appreciably 
affected by the presence of the sides of the hole. 


INTRODUCTION 


Much has been written concerning drilling ‘‘under 
down-hole conditions’’ and pertaining to the stress 
distribution in the rock at the bottom of an oil 
welll-5 For example, it is known that identical 
rocks can be drilled more rapidly at the surface than 
under subsurface conditions of pressure and stress. 
Information on the behavior of rocks under loading 
can be obtained from triaxial test data.7-9 From 
such tests it is found that rocks exhibit brittle 
failure when the confining pressure and pore pressure 
are equal, but the mode of failure may change to 
ductile as the difference between the confining 
pressure and the pore pressure is increased. Brittle 
failure implies that there is very little permanent 
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deformation before fracture, whereas ductile failure 
indicates that permanent deformation takes place 
before fracture. Some rocks are ductile at differential 
pressures of 5,000 psi, but other rocks are brittle 
even at differential pressures of more than 50,000 
psi. 

Cuttings embedded in mud at the bottom of the 
hole may act as a plastic mass which the bit teeth 
must penetrate in order to attack the virgin rock 
below.19 During drilling, the mud pressure acts as 
the confining pressure, and in many cases the 
difference between the mud pressure and the formation 
pore pressure is sufficiently low so that the rock 
most likely fails in a brittle manner. Very little 
penetration by the bit teeth may be required for 
brittle failure of the rock. For these brittle materials, 
the elastic stress distribution is of practical interest 
in determining the possible effects of a given load- 
ing on failure. The penetration of bit teeth into 
ductile or plastic rock has been analyzed previ- 
ously11,12 and will not be considered further in the 
present work. 

During actual drilling, many teeth act at various 
points over an irregular hole bottom. In the present 
analysis a solution is obtained for an idealized 
problem of determining the elastic stress distribution 
caused by only one tooth acting alone at the center 
of a smooth hole bottom. It obviously is not proposed 
that any driller should put a special one-tooth bit 
on bottom, but it is hoped that extensions of the 
simpler problems can eventually lead to a better 
understanding of more complex actual drilling 
phenomena. 

To obtain a solution by the use of stress functions, 
a short cylindrical cavity with rounded corners and 
smooth bottom is studied. The solution to this 
problem should give an insight into the nature of 
the stress concentration at the bottom of an oil 
well which is in reality a long cylindrical hole with 
an irregular bottom. After selection of the proper 
curvilinear co-ordinate system, the stress functions 
are expressed as series of Legendre polynomials. 
The coefficient of each term in the series is then 
determined to satisfy the boundary conditions at 
a finite number of discrete points on the boundary 
of the cavity with least square error. Results are 
compared with bottom-hole stresses obtained by 
photoelastic and relaxation analyses. 











































































































STATEMENT OF THE PROBLEM 


Consider a homogeneous, isotropic, impermeable 
elastic body containing a cylindrical cavity; it is 
desired that the stresses and displacements in the 
region exterior to the cavity be determined when the 
distribution of forces acting on the surface of the 
cavity are prescribed. 

The displacement equation of equilibrium is given 
by13 


GV? + 35 Vdiv) p+ F =0....0) 


where the displacement vector is expressed as 
p = iu + jv + kw 

and the body force vector is denoted by 
F = iF, + rf, + kF,. 
The general solution of Eq. 1 for axisymmetric 


loading in the absence of body forces is given by 
the sum of the following displacement fields.14 


p= oe grad d. 

7 =5G- [grad 2 -4(1-v) RA), bs ace. ee) 
where 

\ 26 = 0 

and 

v2u = 0. 


These harmonic functions, ¢ and w, are referred 
to as the Boussinesq-Papkovich stress functions. 
The displacements in general axisymmetric ortho- 
gonal curvilinear co-ordinates defined by Eq. 2 
and the associated stress fields are given by Stern- 
berg, Eubanks and Sadowsky14 The problem there- 
fore becomes one of determining harmonic functions 
which, when used as Boussinesq-Papkovich stress 
functions, satisfy the desired boundary conditions. 


CO-ORDINATE TRANSFORMATION 
FOR A CYLINDRICAL CAVITY 


The transformation which is used in this analysis 

is given by 
n 

z "o- 3 oe € #4 
where Z = z + ir and € = aetf, In this equation, 
n'« has dimensions of length. With n = 1/6, the 
figure described by a = 1 and y = constant is an 
approximation to a square in the r-z plane. The 
cylindrical co-ordinates (r, y, z) are related to the 
curvilinear co-ordinates (a,. 8, y) by the following 
equations obtained by taking real and imaginary 
parts of Eq. 3. 


- (3) 


r=a sin B +—5 sin 3B, 
a 


n 
acosf “ayo 3B, 





VIER: <6. de le lel asiuiee Se cemie, Wee e. feate Viele ae mee 
Since x =r cos y and y =r sin y, the required co- 
ordinate transformations are 


A 
x = (a sinB + we sinB) cos y, 


y =(a sinB + 3 sin 3B) cos y, 
z=acos8 - cos 38 4425200 


where n = 1/6, Co-ordinate surfaces for the a, 8, 
y curvilinear co-ordinate system are shown in Fig. 
1, and one quadrant of the y = constant plane is 
depicted in Fig. 2 where R and @ are spherical 


co-ordinates. 


SOLUTION BY POLYNOMIALS 


To satisfy arbitrary boundary conditions, it is 
desirable to obtain separated solutions of Laplace’s 
equation of the form 


Z 
io 
y= CONSTANT |e—A=C 





B=45 





-—— a=] 


=_ ~ N“ 
U 


x - yy =90° 


Y = CONSTANT 





——— 
n—_-— =—— 
_— 


FIG. 1 — CURVILINEAR CO-ORDINATE SURFACES. 
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Oa, B) = X,(a) X2(B). 


However, certain relations must exist between the 
scale factors of a co-ordinate system in order for 
it to be possible to express solutions of Laplace’s 
equation in the separated form given by this equa- 
tion.!> The scale factors of the co-ordinate system 
defined by Eqs. 5 do not satisfy these require- 
ments; therefore, it is necessary to seek harmonic 
functions in another manner. ! 

Solutions of Laplace’s equation can be obtained 
in the form of polynomials generated by spherical 
harmonics.1,16 External spherical harmonics are 
given by the expression 


©, =R-"-1 P, (cos Q 2 ee ee ee eo s | 


where R, 9 and y are spherical co-ordinates, and 


P,, (cos @) is the Legendre polynomial of order n, 


where 
. (2n)! 
P, (cos 6) = ey: mn\)2 cos" @ 
n(n —1) n-2 
~ 2(2n—1) cos 0 


n(n —1) (n—2) (n—3) 
+2.4 (2n ~ 1) (nm — 3) ©°S 





Spherical co-ordinates R and @ are related to the 
cylindrical co-ordinates r and z by the equations 


R = (r2 4 22)", 


> 


cos 6 = —<——x; 
(r2 + z2)"2 


Substitution of Eqs. 4 into these equations yields 
the following relations between spherical co- 
ordinates and the curvilinear co-ordinates a and f. 


2 5) 1, 
‘ia 2, 2) _ <2 4R\- 
R : ( + “Fs a2 oS ‘B| : 


acosB - 4 cos3f 
cos @ = . — — ... (7) 


2 re 
(c+ =) 2a cos 4 p| 
a a 


Harmonic functions in terms of a and f are obtained 
by substitution of Eqs. 7 into Eq. 6; thus, 


ee eee ee ee eee 





or 


14 
n 


o ° 2 2n “aie 2 
o=R= (2 + 75) -qzcos4B] , 


cos? acosf - as cos 3B 
™ 2 3/2 
n 2n 
R? (Gc x a2 cos 4p] 


Each of these functions defines a particular dis- 
placement field and the corresponding stress field 
when used as a _ Boussinesq-Papkovich stress 
function. By superposition, the solution in terms 
of polynomials can be represented by 


. (8b) 





, = 
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where a, and b, are coefficients to be determined 
to satisfy the boundary conditions. The stresses 
and displacements are calculated by substitution 
into the equations given in Appendix A. 

Arbitrary boundary conditions cannot necessarily 
be fitted exactly by the use of Eqs. 8 and 9, but a 
satisfactory fit can be obtained at a large number 
of points on the boundary by the method of least 
squares. By this method the sum of the squares of 
the deviations of the calculated values from the 
stipulated boundary conditions is minimized. 

The problem for which a solution is sought is 
illustrated by Fig. 3. In the formation around an 
oil well the overburden stress increases approx- 
imately 1 psi/ft of depth, while inside the borehole 
the fluid pressure increases about 4 psi/ft. The 
boundary conditions of the problem are given by 

Overburden Pressure = 2,000 psi, 

Pressure Inside Cavity = 1,000 psi, 

Bit Loading Over Center Part of Hole, 
or 


CGC, = °B = Py = — 2,000 psi ba. 


a 
rap = 0 
and 
Gq = ~1,000 psi (encepe under bit)/ 
rag = 0 ) 


The solution of this problem, denoted by ‘‘A”’ in 
Fig. 4, is obtained by superposition of: B, a hydro- 
static compressive stress of 2,000 psi; C, a tensile 
stress of 1,000 psi acting on the cavity wall; and 
D, the simulated bit load. 


OVERBURDEN PRESSURE = 2000 psi 


\| 


' 1000 psi. 


th 








i f he ‘\ a 


FIG. 3 — ILLUSTRATION OF BOUNDARY CONDITIONS 
OF PROBLEM. 
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FIG. 4 —SUPERPOSITION OF SOLUTIONS. 


The hydrostatic stress distribution is given by 
the following. 


1 <4 « — 2,000 psi, 
TaB = 0. 


Solution [C + D] is found by use of the Boussinesq- 
Papkovich polynomial solutions given by Eqs. 9. 
The coefficients a, and 6, in Table 1 are determined 
from a least-square fit to the boundary conditions 
of Part C for a = 1 and 8°< B < 172°. The loading 
for Part D is obtained from this solution and is 
not actually an imposed boundary condition. 

The load distribution under the bit tooth given 
by this solution is shown in Fig. 5. The total load 
represented by this distribution is equivalent to 
200,000 Ib in an 8 3/4-in. diameter hole. This 
load represents about twice the maximum load 
normally applied to present-day bits, but the mag- 
nitude of this simulated bit load could be decreased 
by allowing the load to act over a smaller area or 
by superposing concentrated tensile loads along the 
z axis. The boundary conditions are satisfied with- 
in + 8 per cent for the normal stress and within + 
1 per cent for the shearing stress by use of the 
least-square method at 2° increments on the boundary. 
Stresses are plotted in Fig. 6 for a = 1 and a =1.5, 
and the stresses under the bit are shown in Fig. 7. 
The stresses along the z axis are shown in Fig. 8. 

Stresses in a semi-infinite body under approxi- 
mately the same loading as shown in Fig. 5 are 
calculated from the equations given in Appendix 
B and plotted in Fig. 9. Comparing the stress dis- 
tribution shown in Fig. 9 with that of Fig. 8, it 
can be seen that the results are in remarkably good 
agreement. 

















TABLE 1 

n 2, n b, 

0 1432 1 - 1231 

2 1203 3 - 1210 

4 911 5 - 810 

6 515 7 - 415 

8 262 9 - 245 

10 175 i, - 184 

12 124 13 - 108 

14 63 15 - 46 

16 26 17 - 25 

18 15 19 = 5 
20 9.6 21 - Le 
22 4.6 23 - 3.5 
24 1.6 25 - 1.26 
26 0.030 27 - 0.068 
a, = he eee 
b, = 0, (n = 0, 2, 4,2...) 
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FIG, 5 — LOAD DISTRIBUTION AT CENTER OF HOLE. 
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FIG. 7 — STRESSES NEAR CENTER OF HOLE BOTTOM. 
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FIG, 9 — STRESSES ALONG z-AXIS FOR SEMI-INFINITE 
BODY WITH LOADING SHOWN IN FIG. 5. 


A direct comparison of the results obtained by 
the present analysis cannot be made with the works 
of Whitworth2 and Galle3 since the hole configura- 
tions are different, the values of Poisson’s ratio 
are not the same and the loading differs in the three 
analyses. However, qualitative comparisons can 
be made by neglecting the influence of Poisson’s 
ratio and by superposing a concentrated load obtained 
from Boussinesq’s solution!5 with the results of 
the other two authors. If it is assumed that the 
effect of the concentrated load can be effected by 
the Boussinesq solution, disregarding the corner,!? 
the stresses at the corner of an 8 3/4-in. hole 
produced by a concentrated load of 200,000 Ib 
acting at the center are 


P(1-2v) 
% =—5- 22 = 650 psi, 


o, = -0, = -650 psi. 


Superposition of a hydrostatic stress of -2,000 psi 
and the Boussinesq solution with the negative of 
Whitworth’s solution gives 


Overburden Stress = —2,000 psi, 


Stress at Boundary 
of Hole Due to Fluid Pressure = —1,000 psi; 


and at the corner of the hole the stresses are 
-2,000 + 650 — 1,000 = —2,350 psi, 
2,000 ~ 650 — 1,000 = -3,650 psi. 


oF 


0. 


y 
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Galle’s solution, when multiplied by 10 and super- 
posed with a hydrostatic loading of —1,000 psi and 
added to the Boussinesq solution, gives the same 
boundary conditions; and the stresses at the corner 
of the hole are 


o, = -1,600 — 1,000 + 650 


~1,950 psi, 


o,, = 1,900 — 1,000 — 650 = -3,550 psi. 


These results are tabulated in Table 2. 


CONCLUSIONS 


Larger values for the stresses at the corner of 
the hole were obtained by photoelasticity and re- 
laxation analyses than were found by the stress- 
function calculations presented here. It appears 
likely that this difference is due largely to the 
much sharper corners used in the previous work. 
It is of interest to note that the ratios of the mag- 
nitude of the hoop stress to that of the radial stress 
is in rather good agreement for all three analyses. 

From the good agreement between the results 
for the loading at the center of the hole and a 
similar loading on a semi-infinite solid, it can be 
concluded that the presence of the sides of the 
hole has little effect upon the stresses beneath 
a bit tooth acting near the center of the hole. It 
is hoped that extensions of this study to analyses 
of the effects of bit tooth loading near the corner 
of the hole and to combinations of several teeth 
acting at various points on the bottom of the hole 
will aid in better understanding of the mechanics 
of oilwell drilling. 


NOMENCLATURE 


F = body force vector 
Fis Pie F, = components of body force vector 


G = shear modulus 


hb, = curvilinear co-ordinate scale factor 


i, 7, Rk = unit vectors along x, y and z axes, 
respectively 
P,, = Legendre polynomial of order n 
R, 0, y = spherical co-ordinates 
r, z, y = cylindrical co-ordinates 


displacements along x, y and z axes, 
respectively 


~ 
~ 
~ 
- 
eS 
' 


L=2+8 
a, B, y = curvilinear co-ordinates 
Oq = normal stress 


TaB = shearing stress 





TABLE 2 — STRESSES AT THE CORNER OF THE HOLE 


Galle Whitworth 


Stress Function (Photoelastic) (Relaxation) 





oR = —1,400 psi 0, = —1,950 psi 0, = —2,350 psi 
dy = —2,200 psi dy = —3,550 psi dy = —3,650 psi 
—— «= iF —— = 1.82 —= 1.55 

°B 0, O; 
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v = Poisson’s ratio 
p = displacement vector 
¢, WwW, ® = stress functions 
\V = gtadient operator 
V2 = Laplacian operator 
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APPENDIX A 


DISPLACEMENT AND STRESS FIELDS 
DEFINED BY THE BOUSSINESQ-P APKOVICH 
STRESS FUNCTIONS 


The displacement and stress fields for the 
Boussinesq-Papkovich stress functions can be 
calculated from the following equations after Stern- 
berg, Eubanks and Sadowsky.14 

For axisymmetric orthogonal 
ordinates defined by the transforms 


curvilinear co- 


x =r(a, B) cos y, 
y =r(a, B) siny, 


s wale, 8), 4 ss se ee 8 (A-1) 
the scale factors are* 
i - 
hy = (ta? + ng} 9 
ho = (rf + “f) 
i) ee 
3 | r | ? (A 2) 
and Laplace’s equation becomes 
0 [rh 0 [rb2 
a $a) a a. p) = 0. (A-3) 


From the displacement fields for the Boussinesq- 
Papkovich functions (Eqs. 2), the displacements 
become 








hy da 
Uq = 2G ’ 
hood 
2°68 
“UB “> G , . . 7 . . . . (A-4) 
and 
<a 
la = 5G [zg - (3 -4v) zqWl, 
a be —(3 —4v) zew) (A-5) 
“Bp “3; “"s “— 


and the associated stresses in curvilinear co- 


ordinates are 


’ db, hy? db, 

_— 4 sme noe oo 

_ by Goa +s da ‘a bh, op p: 
, dbo hy? dbo 

“p= "2 Spp* 2 OB PB-b, Ga Pa’ 





h,2r hy2r 
: 2 2 B 
yo et 

dby dhy 
e~ane* sete 


. e@ > . 7 oe *_ 6© @«@ . 7 . . . . . 


$B ’ 
(A-6) 





*Subscripts to functions originally without subscripts denote 


differentiation, +, = 2 and op 3 =¢ 
a 
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APPENDIX B 


STRESSES UNDER LOAD DISTRIBUTED OVER 
PART OF THE BOUNDARY OF A SEMI- 
INFINITE SOLID 


The stresses produced in a uniform pressure q 
acting over a circular area of radius a are given by 
the following equations (see Timoshenko and 
Goodier 1), 


_ 
a il * (2 422)3/? , 


q 2(1 + v)z 
o, a [-« + zv) + Bs gree 





z 4 
(we + 22 ) 


The loading shown in Fig. 5 is approximated by 
constant values of a and g over 2° increments, and 
the resulting stresses are plotted in Fig. 9. «xx 


183 








WALTER L. HENSON 
MEMBER AIME 
PAUL L. WEARDEN 


JOHN D. RICE 
MEMBER AIME 


ABSTRACT 


Solutions to the unsteady-state partial water- 
drive reservoir performance problem can be obtained 
through the use of analogue computers or high-speed 
electronic digital computers. The solutions that 
have previously been resolved for use on digital 
computers, however, demand a knowledge of the 
aquifer parameters. Generally, the analogue com- 
puters now in use do not require this knowledge. 

A solution is presented herein where the aquifer 
performance, expressed in terms of difference 
equations, is related to the reservoir performance 
as expressed by the modified Schilthuis material- 
balance equation. A numerical procedure for a 
medium-sized digital computer also is presented in 
which a solution to the set of equations defining 
the aquifer and reservoir performance is obtained 
and the aquifer parameters (permeability and sand 
thickness) are automatically optimized while simul- 
taneously matching the known pressure behavior. 
Predicted pressure behavior can be calculated 
using rates from any assumed future production 
practice. The procedure provides an output format 
which presents the cumulative, incremental and 
average rate of natural water influx, the per cent 
gas-cap expansion, the calculated reservoir pres- 
sure, the measured reservoir pressure, and the differ- 
ence between the measured and calculated pressures. 

Results of a test problem are presented in com- 
parison with results obtained by the Bruce Analyzer, 
Ohio Oil Co.’s Pace General Purpose Analogue 
Computer, and Sun Oil Co.'s Single-Pool Electronic 
Reservoir Analyzer. These results indicate that 
unsteady-state reservoir performance for a single- 
pool system can be adequately simulated by a 
numerical method employing a digital computer and 
that the special-purpose analogue computer can be 
supplanted by this method. 


INTRODUCTION 


The numerical approach to the unsteady-state 


A Numerical Solution to the Unsteady-State Partial- 
Water-Drive Reservoir Performance Problem 





Original manuscript received in Society of Petroleum Engi- 
neers office Nov. 7, 1960. Revised manuscript received May 
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partial water-drive reservoir performance problem 
heretofore has been limited in that solutions have 
been resolved only for certain fixed parameters. 
Also, prior to the advent of high-speed electronic 
digital computers in the last few years, calculations 
were so tedious and time-consuming that they 
ordinarily were neglected, or some other means of 
obtaining the solutions were used. 

The analogue approach had been used for obtain- 
ing solutions to the transmission-of-heat problem 
and, consequently, means were developed for apply- 
ing the electrical analogue to the unsteady-state 
reservoir performance problem. Bruce submitted 
a paper for AIME publication in Sept. 1942, in which 
he described an electronic device (now called the 
Bruce Analyzer) for analyzing the water-drive 
performance of any reservoir, based on either steady 
or unsteady-state flow characteristics. | 

Sun Oil Co. adopted the analogue approach in 
1949 and now has two special-purpose high-speed 
electronic reservoir analyzers in use.2,3 Two main 
features of Sun’s analyzers are (1) the high repetitive 
rate of reproducing the entire history of reservoir 
performance cyclically a number of times per second, 
and (2) the elimination of the necessity of knowing 
the properties of the associated aquifer. Since the 
advent of larger and faster digital computers, the 
possibility of incorporating this second feature into 
a numerical approach appeared feasible. 

Previous work has been done and material pub- 
lished covering the application of numerical methods 
to the behavior of the pressure with respect to time 
at any point in an associated aquifer* However, 
the aquifer parameters must be known from some 
source. The material presented in Ref. 4 has been 
used to a great degree in developing the numerical 
method described herein. 


DIFFERENTIAL EQUATION AND 
BOUNDARY CONDITIONS 


The problem of simulating the performance of a 
reservoir and the associated aquifer is to determine 
the characteristics of the aquifer such that the 


—_ 





lReferences given at end of paper. 
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simultaneous solution of the material-balance equa- 
tion for the reservoir and the differential equation 
of the aquifer will produce a pressure decline match- 
ing the field-measured pressure-decline curve. 

The differential equation describing a radial 
aquifer, r,, <7 Sm, with variable permeability (K) 
and sand thickness (hb) is 


= a Be. i ae 
Puch Or Or Ot 


Then if the variable changes 





r=rpe-" 

and — 
z-— 

-Po- Pm 


are made, Eq. 1 becomes 


d (Kh 02 -2u 02 
2( BZ). Eppcne@ 22, 


fr 

OSu Sin Cn 

which is the general expression in dimensionless 

radial distance and pressure for any point within 
the aquifer. 

The boundary conditions imposed on Eq. 2 are 
as follows. 

At the outer boundary of the aquifer, u = 0 and 

radial flow is zero. This condition is satisfied if 


(s). 8. saad eee 6 


At the inner boundary of the aquifer or the original 
oil-water contact, a rate of influx (in reservoir 
volumes per unit of time) occurs across r,,. Thus, 


d1(t) as (22\| 
“Ot 7 i. Ou usin 


Tw 








2 ek’ 


w 


But remembering that the influx is also equivalent 
to the difference between the voidage from the 
reservoir and its expansion, then 


Ovit) OE(t) _ OItt) , 
ot Ot ot 





Then the inner boundary condition is 
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NUMERICAL APPROXIMATION TO 
DIFFERENTIAL EQUATIONS 


The system defined by Eq. 2 and the boundary 
condition (Eqs. 3 and 4) can be expressed in terms 
of a system of difference equations which are alge- 
braic functions that can be solved numerically and 
whose salution converges to the solution of the 
solution of the system defined by Eqs. 2, 3 and 4. 

To write such a set of equations, a distance 
grid is set up by considering Z as a function of 
u and ¢ at the points (7 + V4) Au, nAt where i = 0, 1, 
2,..+-,jandn=0, 1, 2,.... The terms of Eq. 
2 are approximated by the following difference 
relationships. 


du du Ji4t ale 
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Substituting Eqs. 5 and 6 into Eq. 2 yields 
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which is the general expression for any point within 
the aquifer. 

The boundary condition defined by Eq. 3 (the 
outer boundary) is satisfied if either the permeability 
(K) or thickness (h) is zero. For convenience, let 
the permeability K be zero. Thus, 


Eq. 4 is approximated in difference form at the 


point Use is mts? Thus, 
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Substituting thesc approximations into Eq. 4 yields 


Vin gt Vtg (ty g) FEU, = 


(P,-Pr,) TAt 
pAu (Kh), 
Zjedang! 25 Ling t Zig dn —2j_ Ln) 
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The left-hand member of Eq. 9 can be expressed 
in terms of the modified Schilthuis material balance. 
It is remembered that, during a giventime interval, 


A Voidage — A Expansion = A Influx. 


Now expressing this equation in terms of cumu- 
lative oil (An), gas (Ag) and water (Z) production 
with their respective compressibility factors, the 
expansion of the interstitial water (W) and the orig- 
inal in-place oil (N) and free-gas (G) values, we 
have for the time period between n and n+1 


186 











tl 


anu, +(Ag “Anro)V2+2{| ~(Po-Z(Po- Pm nel), 


AnU,+(Ag-Anrg)V,+2|I-(Py-Z(Po- P yc ] 
L n 


r 


N(Ur-Uol# Gero) Wey2 (PP 
n+ 


be 
— 


N(U,-Up) +G(V,~ Vo) +WewZ(P.- ra} =A Influx , 
n 


LL 


+ 





where U and V are the compressibility factors for 
the oil and gas, respectively, and are expressed as 
a function of the dimensionless pressure Z and 
where r, is the original solution GOR. 

Thus, Eq. 9 expressed in terms of the modified 
Schilthuis material balance becomes 


anu,rtag-amiyt2[-(-20,-Fe,] 

=NIUs-U,)-GIV- Vo) “Wey 21Py- Fa 
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The system defined by Eq. 7, 8 and 10 can be 
expressed in the following form if terms are re- 
arranged. 
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where for any value of i #7 andn=0,1,2,..., 
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It should be noted that 4;,,, is the average for- 
mation thickness of the segment lying between i 


and i+1. In B;, thus hess, is equivalent to the value 
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of h in the term (Kh);,4- The constants I, J, L and 
M afe unit conversion constants for converting 
practical oilfield units to the demanded ‘‘cgs”’ 
system. Thus, 


I = 1.3167 x 10°, 
J = 4.1626 x 10°, 


L =8.2733 x 10°, 
and 
M = 2.3372 x 10°, 


SOLUTION TO THE SYSTEM OF 
DIFFERENCE EQUATIONS 


The system of equations as defined by Eq. 11 
now contains coefficients which can be determined 
through use of practical oilfield units. Also notice 
that the system of equations is of the form of a 
tridiagonal matrix which is readily adaptable to 
machine computations. Gaussian elimination can 
be used to obtain the solution to the system of 
equations. Referring to Eq. 11, let 


B, = B, 


By =By-A;/Ci_,, 


C}=;/B;, O<isj-l--.- (13) 


and 


/ / 
Ds n+12(Do.n)/By 
/ / 
Oj n+! “(Dj .~A;D;-1.ne1)/B;, 


ISiSj te et et ee ee CA) 


The solution is 


/ 
Zid nti = Oj nt 6 ee ee ee eee 


/ / 
Zi+d intl - Di att ~C:2i+3 nti ’ 


jolie eee ee ee (6) 


Then in machine computations, B C’ and D’ 
are calculated in order of increasingi (the forward 
solution), and zis calculated in order of decreasing 
i (the backward solution). The solutions to Eq. 12 
and 13 are independent of time and remain fixed 
for a given set of aquifer parameter values, but 
Eqs.14, 15 and 16 have to be solved at the end of 
every time period (nm). Thus, a part of the forward 
solution need be performed only once for a complete 
history with a given set of aquifer parameters. 

In applying this scheme to Eq. 11, an iterative 
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process is required at the end of the forward solu- 
tion before the backward solution is performed. If 
the definition of D, , is referred to, it can be seen 
that voidage and expansion terms are indicated 
involving U, and V, at the end of time period (n+1). 
As can be seen from Eqs. 14 and 15, Dj. is required 
for calculating Z;41, 941, the dimensionless pressure 
of the reservoir at time (n+l). This necessitates 
the use of an iterative process in which the difference 
between an assumed value of 2 54%4,041 10 D; _ and 
the value of Zj,1, 44; as determined from Eq. 15 
satisfies a specified criterion. 

An iteration that will accomplish the required 
covergence can be performed by first assuming 


a starting value of 2 5444, n+1 from the equation, 
Zieh nti ee jet nn Zed net © 2 ss 17) 


Using the value of Z 415,041 (designated as Z,) 
thus determined, D; 4,1 (designated as D}) is cal- 
culated using Eqs.14 and 15. The second assumed 
value of i+, m4+1 (designated as Z4) is obtained 
by averaging Z, and Dy. The resultant Z,is used 
to calculate a second value of D js n+ (designated 
Dz). These four values define two points on a 
rectangular co-ordinate system in which Z is the 
independent variable and D’ is the dependent vari- 
able. A third value of Z itp ntl (designated as 
Z°*) is obtained from the equation 

/ / 
20.-Z0 
a” « — Eke 6 oe nee 
D2-0,\-2,+2, 





Using Z*’, a third value of Dis att (designated 
as D’’) is calculated from Eq. 14. Then if Z” 
agrees with D’’ within a specified accuracy, the 
backward solution is obtained by solving Eq. 16 
in decreasing order of i. If the criterion is not 
satisfied, then Z’’ is inserted into Eq. 17 for Z9 
and D’’ for D4 and Z’’’ is resoived holding Z; and 
D{ fixed. Z’’’ is used in Eq. 14 to determine D’”. 
If Z’’’ and D’’’ do not satisfy the criterion, the 
process is repeated. Ordinarily, satisfactory con- 
vergence can be obtained with less than 10 iterations. 


MACHINE PROCEDURE FOR 
OPTIMIZING AQUIFER PARAMETERS 


A method, which is readily adaptable to machine 
computations, has been described in which the pres- 
sure distribution in the aquifer and the pressure 
within the reservoir can be calculated with a given 
set of production figures, fluid and gas compress- 
ibility factors, and aquifer parameters. If the assumed 
values of the aquifer parameters are incorrect, then 
the calculated reservoir pressures as provided by 
this method would not match the actual measured 
reservoir pressures. 

Then the problem of designing a procedure for a 
medium-sized digital computer, in addition to being 
centered around inverting the matrix defined by Eq. 
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11 and the iterative process at the inner boundary, 
is primarily concerned with devising a means of 
varying the aquifer parameters (permeability K and 
formation thickness ) for each aquifer segment such 
that the proper values can be chosen. The criterion 
for measuring the goodness of the K and b values 
is the degree to which the calculated reservoir 
pressures match the actual measured reservoir 
pressures. Then, for a given set of K’s and h’s, 
the performance can be calculated and the deviation 
n 


from measured pressures can be expressed by pt dq? 

n=] 
The value of b for the inner aquifer can be varied, 
a history calculated and a second Ld? obtained. 
In the same manner, a third Xd2 can be obtained. 
Thus, three values of 4 and corresponding Sd? are 
obtained. Treating 2d2 as the dependent variable, 
a second-order polynomial can be fitted to these 
points and an improved value of b can be obtained 
by finding the minimum of this polynomial. This 
optimized value is then substituted for the original 
hb, and the remaining K’s and h’s are optimized 
sequentially in the same manner until the outer 
boundary is reached. Then the entire calculation 
from inner to outer boundary is repeated until the 
goodness of fit is not improved or no change is 
indicated in the K and 4 values. At this point, the 
aquifer is adequately defined. 

The sequence of calculations performed by a 
medium-sized computer to accomplish the foregoing 
adheres to the following procedure. 

1, Perform calculations with data in which results 
are completely independent of time or the aquifer 
parameters K and 4. 

2. Perform calculations for determining the coef- 
ficients of Eq. 11 using an assumed set of K’s and 
h’s. 

3. Calculate B’’s, C*’s and partial D’’s. Thus, 
that part of the forward solution.to the matrix inver- 
sion which is independent of time is calculated 
and does not need to be repeated for a given set 
of K’s and h’s. 

4. Solve Eq. 15 for a given time (m) using the 
iterative process described previously. This com- 
pletes the forward solution to the matrix inversion 
and yields as a result the dimensionless reservoir 
pressure 2 5414" 
5. Before performing the backward solution to 
the matrix inversion, 2544, is converted to pressure 
in pounds per square inch and compared to the 
measured pressure. The difference (d) is determined. 
squared, added to the previous 2d2 and stored. 

6. The backward solution is next performed by 
solving Eq. 16 and yields as a result the dimension- 
less pressure for each aquifer segment. These 
values are stored for use in the calculation of the 
D,’s of Eq. 11 for the next time step. 


7. The time (n) is increased by one, and Steps 
4, 5 and 6 are repeated. This repetition is continued 
until a history has been calculated. 

8. With the completion of a history, the Ld? 
formed in Step 5 (designated Xd,*) is stored along 


SOCIETY OF PETROLEUM ENGINEERS JOURNAL 











> of 
and 
such 
ion 
ues 


7Oir 


‘ion 


Its 
fer 


of. 
nd 


1 Soe 








with the value of b used for the inner or jth aquifer 
segment (designated as object parameter zero, or 
0.P.9)- 

9, The value of 4 for the inner or jth segment is 
modified and, using the previously assumed values 
of K’s and h’s for the remaining aquifer segments, 
Steps 2 through 7 are repeated. 

10. The Xd “formed in Step 5, now designated as 
Ld, ?, is stored along with the modified value of 
b from Step 9, now designated as O.P.,. 

11. The value of 4 is again modified and steps 
2 through 7 are again repeated. 

12. The Sd? formed in Step 5, now designated as 
Sd>2, is stored along with the corresponding value 
of b (0.P.5). 

13. With the completion of Step 12, three sets of 
of values (Xdp2, O.P.9; Xd,?, O.P.4; Xd_2, O.P.2) 
are formed. A second-order polynomial with the 
0.P. being the independent variable is fit through 
these points. 

14. Having obtained the polynomial, the first 
derivative is obtained and set equal to zero, and 
the optimum value of the O.P. is obtained. 

15. This optimum value is used as another modified 
value of 4 (O.P.,). Another history is calculated 
(Steps 2 through 7) and the resulting Xd? is stored 
with the extrapolated value of 4 as (Xd, 2 0.P.3). 

16. O. P.y, O. P.y, 0. P.. and O.P.., are compared, 
and the one having the lowest value of Xd2 is 
inserted as the best value of 4 into the set of K’s 
and h’s for the aquifer segments. The Xd2’s and 
corresponding O.P.’s are typed out along with the 
set of K’s and h’s. 

17. Next, the K of the (j-1)th segment is chosen 
as the object parameter and Steps 2 through 16 
are repeated. 

18. The 4 of the (j-1)th segment next is chosen 
as the obfect parameter and Steps 2 through 16 are 
repeated. 

19. This process is repeated using K’s and h’s 
alternately as the object parameter and moving out 
to the next aquifer segment after each pair until 
the outer segment is reached. 

20. After the K and 4 of the outer segment is 
optimized, another complete history is calculated. 
In calculating this history, results other than 
pressures are obtained. The cumulative expansion 
of the interstitial or bottom water, the cumulative 
water influx, incremental water influx, water-influx 
rate (all in practical units), gas-cap expansion as 
a per cent of original gas-cap volume, the calculated 
reservoir pressures, the difference between the 
calculated and measured reservoir pressures and, 
after the last time period, the Xd2 and the standard 
pressure deviation in pounds per square inch are 
typed out. 

21. After the type-out, calculations are again 
started at the inner boundary, and Steps 2 through 
20 are repeated. If the values of K and 4 do not 
change, the aquifer is considered to be adequately 
defined. If the values of K and 4 do change, cal- 
culations are again started at the inner boundary 
with another repetition of Steps 2 through 20. This 
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process is repeated until there is no change in the 
values of K and b. 

Predictions have not been mentioned in the pre- 
ceding outline. However, in Step 20, with given 
production information, predictions are automatically 
made after the history calculations. The type-out 
format is the same with the exception that there 
are no measured pressures and, therefore, no pres- 
sure difference, Each time Step 20 is reached, there- 
fore, a type-out is obtained containing both history 
and predictions. 


NOMENCLATURE 
Z =dimensionless pressure function defined by 
P,-P 
Z= PPS where P, is the original 


pressure in psi, P is the pressure at a 
given time, and P,, is the lowest pressure 
that is expected to be encountered 4 

t =number of the boundary separating the aquifer 
segments. i=7 at the inner boundary or 
boundary between the oil zone and the inner 
aquifer segment (the original oil-water 
contact). The value of i varies from zero 
at the outer boundary to a value of 5 at 
inner boundary for a five-segment aquifer 
and to a value of 10 for a 10-segment 
aquifer. 

n = number designating a particular time period 

\t =time period in days. All At’s must be equal 
in length. At is obtained by taking the 
total time in question (history plus predic- 
tions) in days and dividing by the number 
of time periods (n) desired. 

\u = dimensionless length of an aquifer segment. 
\u is a logrithmic function defined by the 


’R 
in(-*) divided by the number of desired 


aquifer segments. 
Tp =tadius of the aquifer, ft 


r » =tadius of the reservoir, ft 
@ = fractional porosity of the reservoir. For 
practical purposes, it is assumed that the 
reservoir formation porosity also prevails 
in the aquifer formation 
pp =viscosity of salt water at the prevailing 
pressure and temperature, cp 
c = compressibility of salt water, psi-1. If rock 
compressibility is a factor, it is included 
in this term 


c,, =compressibility of salt water only, psi-1 
K;,, = average permeability, darcies, of the aquifer 
segment lying between i and i+1 
b;,, = average thickness of the aquifer segment, 


ft, lying between i andi + 1 

N =original in-place oil, STB 

G =original gas-cap volume, Mcf 

W =original interstitial or bottom-water volume, 
bbl 
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\n =cumulative oil production at the end of a 
given time period, STB 

Ag =cumulative gas production at the end of a 
given time period, Mcf 

Z =cumulative water production at the end of 
a given time period, bbl 

7, = Original solution GOR, Mcf/STB 

U, = two-phase formation volume factor for oil, 

defined as the reservoir space occupied 

by 1 STB of oil and the solution gas 

originally associated with it at any given 

pressure Z, reservoir bbi/STB 


V, = formation volume factor for gas, defined as 
the reservoir space occupied by 1 Mcf 
of gas at any given pressure defined by 
Z, reservoir bbl/Mcf 
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APPENDIX 


TEST PROBLEM — MAIN CONROE RESERVOIR, 
CONROE FIELD, TEX. 


The Main Conroe reservoir was chosen as a test 
problem because: (1) reliable data were available; 
(2) the producing mechanism is a combination gas- 
cap and water-drive system; and (3) the results 
obtained from the calculations can be compared 
with those obtained from Sun’s Single-Pool Electronic 
Reservoir Analyzer, the Bruce Reservoir Analyzer 
and Ohio Oil Co.’s Pace General Purpose Analogue 
Computer .6-8 


BASIC ASSUMPTIONS AND DATA 


The basic assumptions used in the Conroe anal- 
ysis are listed in Table 1. 
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TABLE 1 — BASIC ASSUMPTIONS USED 
FOR TEST PROBLEM ANALYSIS, MAIN CONROE RESERVOIR 
CONROE FIELD, TEX. 


Original In-Place Oil . . . . . « «© « + « + 801,440,000 STB 
Original Gas-Cap Volume ... . . + + « + 336,980,000 Mef 
Original Solution Gas-Oil Ratio. . . . . . . 600 cu f/STB 
Original Oil Formation Volume Factor. . 1.2050 res bbI/STB 
Original Gas Formation Volume Factor. . 1.1870 res bbi/Mef 


Interstitial Water... 1 we eee 20,000,000 bbi 
Original Pressure at Datum ...... 2,180 psia 
Average Gross Sand Thickness. . .. . 200 ft 
Sand Porosity (d). Ne ee ee ee ge 28 
Reservoir Radius ry (as cal. for radial case). . . . . 6,600 


Aquifer Radius rp (rp/r, |) Oe 
deccce coisa is ae a ee 
Water Compressibility. . . 2 2 6 2 6 6 0 6 34 X 106 psi! 
Water Compressibility plus 

Formation Compressibility (C) . . 2... + 6.8 10°5 psrl 
Water Viscosity (10. 2 we cee ee ee cee e Rep 
TIMGEIGOIGMONM UM) 6 6 4 he ce ewes ea =e TORS days 





The original pressure as indicated by measured 
pressures on Fig. 1 was 2,250 psia. However, the 
analyses performed on both Sun’s single-pool ana- 
lyzer and Ohio Oil Co.’s analogue computer indicated 
that the original pressure should be 2,180 psia. 
Therefore, for this analysis the original pressure of 
2,180 psia was used. 

The analysis performed by the Ohio Oil Co. encom- 
passed the Conroe performance only through Jan. 1, 
1952. Thus, the history involved in this analysis 
goes only to Jan. 1, 1952. Then for the convenience 
of calculations, initial production was assumed to 
have occurred on Jan. 1, 1932, and a time increment 
or period of 182.5 days (six months) was used. The 
production and pressure statistics based on time 
intervals of 182.5 days are presented in Table 2. 
The pressures, as presented in Table 2, are inter- 
polated values obtained by plotting the measured 
pressures and using straight-line interpolation 
between pressure points. The measured pressures 
are plotted on Figs. 1 and 2. The PVT data are 
presented in Table 3 where both U and V are ex- 
pressed as functions of pressure (pounds per square 
inch absolute) and the dimensionless pressure 
function Z. 


APPROACH 


The actual analysis was performed in two parts. 
The first part was designed to test the predictive 
powers of the numerical method. Thus, a part of the 
past performance was used as “‘history’’ and the 
remaining portion was used as ‘‘future’’. In this 
way a match to the history could be obtained, 
predictions made using the actual production, and 
then a comparison of the predicted pressures and 
the measured pressures could be made. The division 
of the performance into history and future was the 
same as that in the analysis performed by Ohio Oil 
Co. onthe Pace General Purpose Analogue Computer. 
Time previous to Jan. 1, 1943, was used as history, 
and subsequent time through Jan. 1, 1952, was used 
as future. Thus, the predicted pressures not only 
could be compared with measured pressures, but 
they also could be compared with the predictions 
made by Ohio. The aim of the second part of the 
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Press. Cum, Oil Cum, Water 
Dote_ (psio) Prod. (STB) _Prod. (bbl) 
1-1-32 2180 0 0 
7-1-32 2177 1,341,096 0 
1-1-33 2170 2,681,691 0 
7-1-33 2148 9,784,770 0 
1-1-34 2125 23,440,301 0 
7- 1-34 2110 32,325, 186 0 
1-1-35 2103 39,819,896 71,470 
7-1-35 2105 47,414,017 143,243 
1-1-36 2096 54,185,666 188, 180 
7-1-36 2089 61,129,694 346,001 
1- 1-37 2086 67,378, 129 621,511 
7-1-37 2071 74,007,965 1,237,936 
1-1-38 2070 80, 288,085 1,955,796 
7-1-38 2077 85,420,752 2,540,916 
1-1-39 2081 89,939,817 3,075,559 
7-1-39 2084 94,079,034 3,637,095 
1-1-40 2088 97,807,353 4,233,114 
7-1-40 2088 10 1,842,090 5,316,796 
1-1-4] 2086 105,976,912 6,667,947 
7-1-41 2083 110,693,569 8,243, 152 
1- 1-42 2075 116,325,407 10,303,045 
7-1-42 2067 121,994,709 12,259,760 
1-1-43 2058 128,616,349 14,457,438 
7-1-43 2048 136,611,380 17,423,141 
1-1-44 2029 147,542,601 21,984,941 
7-1-44 2005 158,657,723 27,417,511 
1-1-45 2003 169,849,367 32,471,516 
7-1-45 1988 180,887,165 37,984,397 
1-1-46 1976 190,411,918 43,371,194 
7- 1-46 1963 199,922,874 49,642,250 
1. 1-47 1952 210,459,721 56,024,549 
7-1-47 1944 220,774,533 62,864,018 
1- 1-48 1936 231,740,016 71,001,152 
7-1-48 1917 242,437,265 80,637,545 
1-1-49 1918 251,569,049 89,510,757 
7-1-49 1919 257,592, 185 96,020,745 
1-1-50 1926 262,732,935 103,025,693 
7-1-50 1924 267,885,501 110,850,275 
1-1-51 1920 274,225,279 120,710,305 
7-1-51 1903 280,900,564 131,513,601 
1-1-52 1900 287,877,554 142,354,003 


Net 
Cum, Water Cum, Water Cum. Gas 

Inj. (bbl) _ Prod. (bbl) _ Prod. (Mcf)_ 
0 0 0 

0 0 3,332,412 

0 0 6,412,824 

0 0 14,900,678 

0 0 24,295,374 

0 0 30,585,954 

0 71,470 35,940,966 

0 143,243 41,313,677 

0 188, 180 46,221,132 

0 346,001 50,923,634 

0 621,511 54,994,547 

0 1,237,936 59,843,930 

0 1,955,796 64,227, 103 

0 2,540,916 67,579,098 

0 3,075,559 70,413,230 

0 3,637,095 72,842,724 

0 4,233,114 75,044,349 

0 5,316,796 77,298,214 

0 6,667,947 79,689,996 

0 8,243, 152 82,349,469 

0 10,303,045 85,469, 153 

0 12, 259,760 88,685,435 

0 14,457,438 92,402,515 

0 17,423, 141 96,737,481 

0 21,984,941 102,403,644 

0 27,417,511 108, 565,599 

0 32,471,516 115, 162,979 

0 37,984,397 121,797,080 

425,740 42,945,454 128,037,651 
1,726,335 47,915,915 134,159,643 
3,162,063 52,862,486 141, 180,021 
4,808,602 58,055,416 147,509,416 
6,804,763 64, 196,389 154,771,643 
9, 150,546 71,486,999 161,803,778 
11,423, 390 78,087,367 167,936,891 
13, 179,242 82,841,503 171,741,098 
14,909,110 88, 116,583 175, 136,593 
16,636,036 94,214,239 178, 653, 325 
18,929,656 101,780,649 183,040,036 
21,179,343 110,334,258 187,932,039 
23,522,371 118,831,632 193,361, 197 


TABLE 2 — MAIN CONROE RESERVOIR PRODUCTION AND PRESSURE STATISTICS 
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analysis was to obtain an over-all match of the 
history through Jan. 1, 1952. These results then 
could be compared with those obtained by the 
Bruce Analyzer and Sun’s single-pool analyzer. 


RESULTS 


The results of the first part of the analysis are 
indicated on Table 4. On Fig. 1 are presented the 
history pressure match with predictions as calculated 
the numerical method, the history pressure match 
and predictions made by the Ohio analogue computer 
and the actual measured pressures through Jan. 1, 
1952. Table 5 is a comparison of the two matches. 

The results obtained by the numerical method 
are very favorable when compared to that of the 
Ohio Oil Co.’s analogue computer. Notice that, 
even though the predictions calculated by the 
numerical method are consistently high (the maximum 
pressure difference of 19.8 psi is attained on July 
1, 1948), the character of the predicted pressure 
decline is similar to that of the measured pressure 
decline; at the end of the predictions (Jan. 1, 1952, 
nine years of predictions), the calculated pressure 


is only 13.6-psi high. 


The second part of the Conroe analysis was per- 
formed by matching the history through Jan. 1, 
1952. The results obtained from the performance 
calculations are indicated on Table 4a. The cal- 
culated pressures are shown on Fig. 2 along with 
the measured pressures, the pressure match obtained 
by Sun’s single-pool analyzer, and the pressure 





TABLE 3 — MAIN CONROE RESERVOIR FLUID PVT DATA 





Pressure (psia) P V (res bbI/Mcf) U(res bbl/Mcf) 
2180 0 1.1870 1.2050 
2164 -039474 1.1970 1.2080 
2115 17105 1.2260 1.2180 
2065 -30263 1.2560 1.2290 
2015 -43421 1.2890 1.2400 
1965 «56579 1.3220 1.2530 
1915 -69737- 1.3580 1.2660 
1865 -82895 1.3950 1.2800 
1815 -96053 1.4350 1.2950 
1765 1.0921 1.4750 1.3100 
1715 1.2237 1.5170 1.3270 
1665 1.3553 1.5650 1.3460 
1615 1.4868 1.6220 1.3660 
Pg -P 

*Z = Pp. — Pp where Pm is the lowest pressure value expected 
o7*m 


to be encountered (P,,, = 1,800 psia). 

















+—— } t ———— — en _— A | - r — mt ——}-—_——_—4 











| 
| | | | 








+1 | A ee ey te 
Pie | | HISTORY ~* = PREDICTIONS 








| 
| 

~ + + + + + + +——————+ + + + + —+ 
| 


| | | 
| 50, | | | | 
| ° | | } 
2100 +} + + + + + + —+ + + + + + = 
; | | O3-e 
| | i tall 








RESERVOIR PRESSURE -PSIA 














| | | ° ‘* ° 
i —— : 
2000 de Aalie | 
1900 een anes t 
KEY 
° Measured Pressure 
Pressures Determined by Numerical Method 
——— a» a Pressures Determined by Ohio O01! Company's Analog Computer 























18 1932 1933 | 1934 1935 1936 1937 1938 1939 i940 i941 1942 1943 1944 1945 1946 1947 1948 1949 1950 195! 
FIG. 1—MAIN CONROE RESERVOIR PRESSURE DECLINE, CONROE FIELD, TEX. 
2300 a Se ers } 4 } + i 4 4 4 i } } } } 
+ al 
R. 
2200+ ~ = ee | — | 4 } H 4 } } } } } } 4 4 




















RESERVOIR PRESSURE -PSIA 








| 
| at ee Sent: nee 


° Measured Pressure | | 
Pressures Determined by Numerical Method (Pressure Match through 1951) | 
——~ ooce Pressures Determined by Sun's Single Poo! Electronic Analyzer (Pressure Match through July 1949) 
— Pressures Determined by Bruce Analyzer (Pressure Match through July 1949) 











—_ 1932 | 1933 | 1934 | 1935 | 1936 | 1937 | 1938 | 1939 | 1940 | 1941 1942 | 1943 | 1944 | 1945 | 1946 | 1947 | 1948 | 1949 | 1950 | 195! 











FIG. 2—MAIN CONROE RESERVOIR PRESSURE DECLINE, CONROE FIELD, TEX. 


SOCIETY OF PETROLEUM ENGINEERS JOURNAL 























match obtained by the Bruce Analyzer. The matches 
obtained by both Sun’s analyzer and the Bruce 
Analyzer go only through July, 1949. Table 6 is a 
comparison of the three matches. 

Notice that the match obtained by the Bruce 
Analyzer (Fig. 2) indicates an original pressure of 
2,215 psi. Then the figures quoted in Table 6 for 
the Bruce Analyzer do not pertain to the match 
previous to April 20, 1933. The character of the 
pressure decline, as determined by the numerical 
Method, is similar in nature to that of the measured 
pressures and matches the pressure at the end of 
history, Jan. 1, 1952. Comparatively speaking, the 
results as determined by the numerical method are 
in excellent agreement with those as obtained by 
analogue devices. 


TIME REQUIREMENTS 


Heretofore, the time requirements for a numerical 
solution to the unsteady-state reservoir performance 
problem was considered to be prohibitive due to the 





number of 4 and K combinations in a 10-segment 
aquifer that would have to be tried before a ‘‘fit’’ 
or ‘‘match’’ to the known pressure decline could 
be obtained. However, the procedure resolved for 
optimizing the aquifer parameters reduced the time 
requirements to within the realm of practicality for 
a medium-size drum computer. In essence, the 
analysis of the performance of a reservoir requires 
(1) the loading of data and the program on the com- 
puter memory drum, (2) going through the manual 
portion of the procedure, (3) putting the computer 
on the automatic mode of calculations and (4) return- 
ing after approximately 24 to 36 hours of unattended 
computer operation to find the final results typed out. 


The computing time requirements for a given 
problem (using the Bendix G-15 digital computer) 
can be roughly determined by the fact that an average 
of approximately 40 seconds is required for all the 
calculations about one history point or time period. 
Then if 10 aquifer segments are to be used, a total 
of 60 histories will be calculated in optimizing the 





TABLE 4 — MAIN CONROE RESERVOIR PERFORMANCE CALCULATION RESULTS 





Cum, Exp. 
Interst. Cum. Inc, Influx Gas-Cap Cale. Meas. 
Water Influx Influx Rate Exp. (% of Press Press. Press. 

Date (bb!) (10° res bbl) (10° res bbl) (res B/D) Orig.Vol.) (psia) (psia) Diff. 
1-1-32 0 0 0 0 100.00 2180.0 2180 0 
7-1-32 603 1.409 1.409 7721 99.70 2171.1 2177 -5.9 
1- 1-33 972 3.961 2.552 13983 99.26 2165.7 2170 —4.3 
7- 1-33 2585 9.599 5.638 30894 99.08 2142.0 2148 —6.0 
1-1-34 4195 19.286 9.687 53080 99.85 2118.3 2125 —6.7 
7- 1-34 4711 28.543 9.257 50723 99.93 2110.7 2110 of 
1-1-35 5099 36,743 8.200 44933 99.95 2105.0 2103 2.0 
7-1-35 5493 44.980 8.237 45135 99.99 2099.2 2105 —5.8 
1- 1-36 5744 52.994 8.014 43911 99.92 2095.5 2096 - .5 
7- 1-36 6016 60.848 7.854 43036 99.95 2091.5 2089 2.5 
1- 1-37 6153 68.430 7.582 41544 99.95 2089.5 2086 35 
7- 1-37 653) 76.216 7.787 42666 99.96 2084.0 2071 13.0 
1- 1-38 6755 84.189 7.973 43687 99.94 2080.7 2070 10.7 
7- 1-38 6754 91.406 7.217 39546 99.86 2080.7 2077 3.7 
1- 1-39 6699 97.927 6.521 35731 99.78 2081.5 2081 5 
7- 1-39 6619 103.920 5.992 32835 99.73 2082.7 2084 -1.3 
1-1-40 6535 109.480 5.558 30456 99.68 2083.9 2088 —4.1 
7-1-40 6590 115.000 5.526 30277 99.77 2083.1 2088 -4.9 
1-1-4] 6700 120.730 5.726 31376 99.88 2081.5 2086 —4.5 
7-1-4) 6911 126.760 6.027 33026 100.09 2078.4 2083 —4.6 
1-1-42 7277 133.460 6.701 36718 100.45 2073.0 2075 -2.0 
7-1-42 7570 140.590 7.127 39052 100.73 2068.7 2067 1.7 
1-1-43 8012 148.250 7.662 41981 101.15 2062.2 2058 4.2 


Unweighted Xd? = 596.95 


Standard Deviation = + 5.21 psi 


Weighted Xd? = 240.69 


Predictions 


7-1-43 8647 157.060 8.813 
1.1-44 9756 167.970 10.910 
7-144 10804 180.790 12.825 
1-1-45 11724 194.510 13.713 
7-1-45 12589 209.000 14,490 
1-1-46 13132 223.510 14,512 
7-1-46 13671 237.920 14,410 
1. 1-47 14382 253.030 15.116 
7-1-47 14906 268.450 15.411 
1.1-48 15747 284.620 16.173 
7-1-48 16537 301.840 17.219 
1-1-49 16931 318.670 16.831 
7-1-49 16562 333.290 14.618 
1-1-50 16408 346.300 13.009 
7-1-50 16439 359.280 12.984 
1-1-51 16926 373.080 13,803 
7-1-51 17500 388.070 14.986 
1-1-52 18117 403.750 15.682 
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48288 101.79 2052.8 
59779 102.94 2036.5 
70272 103.93 2021.1 
75142 104.71 2007.6 
79395 105.41 1994.9 
79519 105.68 1986.9 
78957 105.99 1979.0 
82829 106.35 1968.5 
84445 106.73 1960.8 
88620 107.21 1948.4 
94348 107.67 1936.8 
92227 107.77 1931.0 
80097 107.40 1936.4 
71282 107.17 1938.7 
71147 107.05 1938.3 
75630 107.26 1931.1 
82116 107.44 1922.7 


85926 107.54 1913.6 























Unweighted Xd2 = 1240.64 


Cum. Exp. 

Interst. Cum. Inc. Influx 

Water Influx Influx Rate 
Date (bbl) (106 res bbl) (106 res bbl) (res B/D) 
1-1-32 0 0 0 0 
7-1-32 621 1.327 1.327 7272 
1-1-33 1012 3.764 2.437 13354 
7-1-33 2674 9.142 5.378 29469 
1-1-34 4359 18.416 9.273 50813 
7-1-34 4920 27.427 9.011 49376 
1-1-35 5328 35.514 8.088 44315 
7-1-35 5740 43.655 8.141 44607 
1-1-36 6005 51.593 7.938 43496 
7- 1-36 6286 59.392 7.799 42733 
1-1-37 6432 66.931 7.539 41308 
7-1-37 6820 74.660 7.729 42352 
1-1-38 7057 82.563 7.903 43305 
7-1-38 7060 89.766 7.203 39468 
1-1-39 7004 96.299 6.533 35798 
7-1-39 6921 102.310 6.013 32948 
1-T-40 6835 107.890 5.579 30569 
7-1-40 6891 113.410 5.524 30266 
1-1-41 7006 119.110 5.698 31219 
7-1-41 7226 125.080 5.972 32723 
1-1-42 7609 131.690 6.611 36224 
7-1-42 7919 138.720 7.025 38491 
1-1-43 8381 146.270 7.547 41353 
7-1-43 9045 154.920 8.651 47401 
1-1-44 10197 165.560 10.648 58343 
7-1-44 11297 178.080 12.513 68566 
1-1-45 12265 191.520 13.439 73638 
7-1-45 13174 205.750 14.230 77970 
1-1-46 13754 220.060 14.311 78419 
7-12-46 14322 234.310 14.250 78082 
1-1-47 15066 249.240 14.936 81842 
7-1-47 15620 264.490 15.245 83536 
1-1-48 16496 280.470 15.985 87587 
7-1-48 17325 297.470 16.997 93136 
1-1-49 17748 314.150 16.680 91397 
7-1-49 17385 328.780 14.625 80136 
1- 1-50 17224 341.850 13.076 71652 
7-1-50 17257 354.850 12.994 71198 
1-1-51 17758 368.570 13.727 75215 
7-1-51 18359 383.410 14.834 81280 
1-1-52 19008 398.920 15.511 84989 


Standard Deviation = 


TABLE 4a — MAIN CONROE RESERVOIR PERFORMANCE CALCULATION RESULTS 





Gas-Cap Cale. Meas, 
Exp. (% of Press. Press. 
Orig. Vol.) (psia) (psia) 

100.00 2180.0 2180 
99.71 2170.9 2177 
99.29 2165.1 2170 
99.14 2140.7 2148 
99.97 2115.9 2125 

100.08 2107.6 2110 

100.12 2101.6 2103 

100.17 2095.6 2105 

100.11 2091.7 2096 

100.15 2087.6 2089 

100.16 2085.4 2086 

100.18 2079.7 2071 

100.17 2076.2 2070 

100.08 2076.2 2077 

100.00 2077.0 2081 
99.96 2078.2 2084 
99.91 2079.5 2088 

100.00 2078.7 2088 

100.11 2077.0 2086 

100.33 2073.7 2083 

100.70 2068.1 2075 

101.00 2063.5 2067 

101.43 2056.7 2058 

102.10 2047.0 2048 

103.29 2030.0 2029 

104.33 2013.9 2005 

105.15 1999.6 2003 

105.89 1986.3 1988 

106.19 1977.7 1976 

106.53 1969.4 1963 

106.91 1958.4 1952 

107.33 1950.3 1944 

107.84 1937.4 1936 

108.33 1925.2 1917 

108.46 1919.0 1918 

108.09 1924.3 1919 

107.85 1926.7 1926 

107.74 1926.2 1924 

107.96 1918.9 1920 

108.17 1910.0 1903 

108.29 1900.5 1900 

+ 5.57 psi 


Weighted Ld? = 764.19 
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TABLE 5 — COMPARISON OF HISTORY 
PRESSURE MATCH AND PREDICTIONS, 
NUMERICAL METHOD US OHIO OIL CO.’S 
ANALOGUE COMPUTER 





History Maximum 

Standard Pressure 

Deviation Difference 

Numerical Method +5.21 psi 19.8 psi 
Ohio’s Analogue Computer +6.63 psi 17.0 psi 














aquifer parameters for one pass from the inner to 
the outer boundary of the aquifer. If all 40 points 
as provided for in the program are used in this 
history, then a total of 2,400 history points will be 
calculated, requiring a total of approximately 26 
hours to attain one history type-out on the automatic 
mode of operation. (Each time the outer boundary 
is reached, a complete history and predictions are 


TABLE 6 — COMPARISON OF 
PRESSURE MATCHES 


Maximum 
Standard Pressure 
Deviation Difference 





Numerical Method 
Sun's Single-Pool Electronic 


Reservoir Ana 


lyzer 


Bruce Analyzer 


+5.57 psi 


+5.86 psi 17 
+8.34 psi 17 


9.4 psi 





typed out.) Most problems would not need over five 
passes through the aquifer parameters; thus, a 
maximum time requirement normally would be in the 
neighborhood of 100 to 130 hours. This is an exag- 
gerated number, and in most cases much less com- 


puting time would be required. 
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ABSTRACT 


Alcohol floods of consolidated sandstone cores 
have shown the process to be strongly dependent 
on the phase behavior of the particular alcohol- 
otl-water system used. This means that in many 
cases the mechanism does not conform to the idea 
of a piston-like displacement. Instead, it is found 
that by changing the alcohol it is possible to change 
the relative velocities of the oil and water and, 
in fact, the entire mechanism of the process. 

The effects of rate, viscosity, initial saturation, 
distance travelled and hysteresis of relative perme- 
ability on the alcohol flooding mechanism are dis- 
cussed. 


INTRODUCTION 


Reasons for interest in the use of alcohol to 
miscibly displace oil and water from a porous medium 
appear in the existing literature.!-? The mechanism 
of the displacement has been considered and the 
apparent implications formulated into a theory which 
presumably would enable one to predict the essential 
features of the process.© Unfortunately, most of the 
reported experiments have been performed with 
unconsolidated or artificially consolidated sands. 
With these systems some of the noteworthy facets 
of the process are obscured and resulting data 
appear uncertain. 

It is the purpose of this paper to show how the 
use of consolidated sandstones has led to revision 
of the mechanism and, hence, the theory of alcohol 
flooding. 

The practical result is increased pessimism 
toward the possibilities of commercial application 
of the simplest form of the alcohol-slug process. 
However, elucidation of the mechanism has made 
it possible to define the essential characteristics 
of a system of slugs which will behave in a nearly 
piston-like fashion and, thus, yield the best possible 
result. 





Original manuscript received in Society of Petroleum Engineers 
office July 19, 1960. Revised manuscript received Feb. 20, 
1961, Paper presented at 35th Annual Fall Meeting of SPE, 
Oct, 2—5, 1960, in Denver. 


l References given at end of paper. 
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Mechanism of Alcohol Displacement of Oil from Porous 
Media 


GULF RESEARCH & DEVELOPMENT CO. 
PITTSBURGH, PA. 


EQUILIBRIUM PHASE BEHAVIOR 


Fig. 1 is a diagram of the ternary system isopropyl 
alcohol (IPA)-Soltrol-calcium chloride brine. * Brine 
was used to prevent plugging of the core and calcium 
chloride was used because sodium-chloride brine 
exhibits a solid phase with Soltrol and IPA. 

If alcohol is added in increments to the immiscible 
mixture of water and oil represented by Point A, 
the path followed by the successively equilibrated 
samples will be on the Line ABC and pass from the 
immiscible region to the miscible region by crossing 
the binodal curve at B. Consider the intersection D 
of this path with the tie Line EF. The quantity of 
oleic phase is proportional to the Segment ED and 
the quantity of the aqueous phase is proportional 
to DF. Compositions of the two phases are specified 
by Points E and F. It is clear that in the case 
shown the oleic phase is diminishing and entirely 
disappears when miscibility is achieved. Such will 








*In all equilibrium diagrams, the binodal curve compositions 
ere read at the outside edge of the curve. The co-ordinates 
represent volume per cent in all cases. 
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FIG. 1 — EQUILIBRIUM PHASE DIAGRAM, IPA-SOL- 
TROL-2 PER CENT CaCl, BRINE. 
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TABLE 4a — MAIN CONROE RESERVOIR PERFORMANCE CALCULATION RESULTS 























































Cum. Exp. 
Interst. Cum. Inc. Influx Gas-Cap Cale. Meas. 
Water Influx Influx Rate Exp. (% of Press. Press. Press, 

Date {bb!) (10res bbl) (10°res bbl) (res B/D) Orig. Vol.) (psia) (psia) Diff. 
1-1-32 0 0 0 0 100.00 2180.0 2180 0 
7-1-32 621 1.327 1.327 7272 99.71 2170.9 2177 -6.) 
1-1-33 1012 3.764 2.437 13354 99.29 2165.1 2170 -4,9 
7-1-33 2674 9.142 5.378 29469 99.14 2140.7 2148 -7.3 
1-1-34 4359 18.416 9.273 50813 99.97 2115.9 2125 -9.1 
7-1-34 4920 27.427 9.011 49376 100.08 2107.6 2110 2.4 
1-1-35 5328 35.514 8.088 44315 100.12 2101.6 2103 -1.4 
7-1-35 5740 43.655 8.141 44607 100.17 2095.6 2105 -9.4 
1-1-36 6005 51.593 7.938 43496 100.11 2091.7 2096 —4,3 
7- 1-36 6286 59.392 7.799 42733 100.15 2087.6 2089 -1.4 
1-1-37 6432 66.931 7.539 41308 100.16 2085.4 2086 - 6 
7-1-37 6820 74.660 7.729 42352 100.18 2079.7 2071 8.7 
1-1-38 7057 82.563 7.903 43305 100.17 2076.2 2070 6.2 
7-1-38 7060 89.766 7.203 39468 100.08 2076.2 2077 - 8 
1-1-39 7004 96.299 6.533 35798 100.00 2077.0 2081 -4.0 
7-1-39 6921 102.310 6.013 32948 99.96 2078.2 2084 -5.8 
1-1-40 6835 107.890 5.579 30569 99.91 2079.5 2088 —8.5 
7-1-40 6891 113.410 5.524 30266 100.00 2078.7 2088 -9.3 
1-1-4] 7006 119.110 5.698 31219 100.11 2077.0 2086 ~9.0 
7-1-41 7226 125.080 5.972 32723 100.33 2073.7 2083 -9.3 
1-1-42 7609 131.690 6.611 36224 100.70 2068.1 2075 -6.9 
7-1-42 7919 138.720 7.025 38491 101.00 2063.5 2067 -3.5 
1-1-43 8381 146.270 7.547 41353 101.43 2056.7 2058 -1.3 
7-1-43 9045 154.920 8.651 47401 102.10 2047.0 2048 -1.0 
1-1-44 10197 165.560 10.648 58343 103.29 2030.0 2029 1.0 
7-1-44 11297 178.080 12.513 68566 104.33 2013.9 2005 8.9 
1-1-45 12265 191.520 13.439 73638 105.15 1999.6 2003 -3.4 
7-1-45 13174 205.750 14,230 77970 105.89 1986.3 1988 -1.7 
1-1-46 13754 220.060 14.311 78419 106.19 1977.7 1976 1.7 
7-1-46 14322 234.310 14.250 78082 106.53 1969.4 1963 6.4 
1-1-47 15066 249.240 14.936 81842 106.91 1958.4 1952 6.4 
7-1-47 15620 264.490 15.245 83536 107.33 1950.3 1944 6.3 
1-1-48 16496 280.470 15.985 87587 107.84 1937.4 1936 1.4 
7-1-48 17325 297.470 16.997 93136 108.33 1925.2 1917 8.2 
1-1-49 17748 314.150 16.680 91397 108.46 1919.0 1918 1.0 
7-1-49 17385 328.780 14.625 80136 108.09 1924.3 1919 5.3 
1- 1-50 17224 341.850 13.076 71652 107.85 1926.7 1926 7 
7-1-50 17257 354.850 12.994 71198 107.74 1926.2 1924 2.2 
1-1-5] 17758 368.570 13.727 75215 107.96 1918.9 1920 1.1 
7-1-51 18359 383.410 14.834 81280 108.17 1910.0 1903 7.0 
1-1-52 19008 398.920 15.511 84989 108.29 1900.5 1900 5 
Unweighted Xd@ = 1240.64 Standard Deviation = + 5.57 psi Weighted Sd? = 764.19 



















TABLE 5 — COMPARISON OF HISTORY 
PRESSURE MATCH AND PREDICTIONS, 
NUMERICAL METHOD US OHIO OIL CO.’S 

ANALOGUE COMPUTER 


History Maximum 

Standard Pressure 

Deviation Difference 

Numerical Method +5.21 psi 19.8 psi 
Ohio’s Analogue Computer +6.63 psi 17.0 psi 
















aquifer parameters for one pass from the inner to 
the outer boundary of the aquifer. If all 40 points 
as provided for in the program are used in this 
history, then a total of 2,400 history points will be 
calculated, requiring a total of approximately 26 
hours to attain one history type-out on the automatic 
mode of operation. (Each time the outer boundary 
is reached, a complete history and predictions are 


TABLE 6 = COMPARISON OF 
PRESSURE MATCHES 


Maximum 
Standard Pressure 
Deviation Difference 





Numerical Method +5.57 psi 9.4 psi 
Sun's Single-Pool Electronic 

Reservoir Analyzer +5.86 psi 17 psi 
Bruce Analyzer +8.34 psi 17 psi 





typed out.) Most problems would not need over five 
passes through the aquifer parameters; thus, a 
maximum time requirement normally would be in the 
neighborhood of 100 to 130 hours. This is an exag- 
gerated number, and in most cases much less com- 


puting time would be required. 
kk 
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ABSTRACT 


Alcohol floods of consolidated sandstone cores 
have shown the process to be strongly dependent 
on the phase behavior of the particular alcobol- 
oil-water system used. This means that in many 
cases the mechanism does not conform to the idea 
of a piston-like displacement. Instead, it is found 
that by changing the alcohol it is possible to change 
the relative velocities of the oil and water and, 
in fact, the entire mechanism of the process. 

The effects of rate, viscosity, initial saturation, 
distance travelled and hysteresis of relative perme- 
ability on the alcohol flooding mechanism are dis- 
cussed, 


INTRODUCTION 


Reasons for interest in the use of alcohol to 
miscibly displace oil and water from a porous medium 
appear in the existing literature.!-7 The mechanism 
of the displacement has been considered and the 
apparent implications formulated into a theory which 
presumably would enable one to predict the essential 
features of the process.©° Unfortunately, most of the 
reported experiments have been performed with 
unconsolidated or artificially consolidated sands. 
With these systems some of the noteworthy facets 
of the process are obscured and resulting data 
appear uncertain. 

It is the purpose of this paper to show how the 
use of consolidated sandstones has led to revision 
of the mechanism and, hence, the theory of alcohol 
flooding. 

The practical result is increased pessimism 
toward the possibilities of commercial application 
of the simplest form of the alcohol-slug process. 
However, elucidation of the mechanism has made 
it possible to define the essential characteristics 
of a system of slugs which will behave in a nearly 
piston-like fashion and, thus, yield the best possible 
result. 





Original manuscript received in Society of Petroleum Engineers 
office July 19, 1960. Revised manuscript received Feb. 20, 
1961, Paper presented at 35th Annual Fall Meeting of SPE, 
Oct, 2—5, 1960, in Denver. 


l References given at end of paper. 
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EQUILIBRIUM PHASE BEHAVIOR 


Fig. 1 is a diagram of the ternary system isopropyl] 
alcohol (IPA)-Soltrol-calcium chloride brine. * Brine 
was used to prevent plugging of the core and calcium 
chloride was used because sodium-chloride brine 
exhibits a solid phase with Soltro] and IPA. 

If alcohol is added in increments to the immiscible 
mixture of water and oil represented by Point A, 
the path followed by the successively equilibrated 
samples will be on the Line ABC and pass from the 
immiscible region to the miscible region by crossing 
the binodal curve at B. Consider the intersection D 
of this path with the tie Line EF. The quantity of 
oleic phase is proportional to the Segment ED and 
the quantity of the aqueous phase is proportional 
to DF. Compositions of the two phases are specified 
by Points E and F. It is clear that in the case 
shown the oleic phase is diminishing and entirely 
disappears when miscibility is achieved. Such will 











*In all equilibrium diagrams, the binodal curve compositions 
are read at the outside edge of the curve. The co-ordinates 
represent volume per cent in all cases. 
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FIG. 1 — EQUILIBRIUM PHASE DIAGRAM, IPA-SOL- 
TROL-2 PER CENT CaCl, BRINE. 
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be the case for any path lying entirely to the left 
of the line joining the Point C to the plait point. 

Fig. 2 is a similar diagram for tertiary butyl 
alcohol (TBA). In this case the plait point is to the 
left of the binodal peak and the same Path AC will 
result in disappearance of the aqueous phase when 
miscibility is achieved. Again, so long as the actual 
path followed ina real flooding situation lies entirely 
to the right of the line passing through the plait 
point and Point C, the phase behavior will be of 
this nature. Following the Path AC, it happens 
(because of the change in slope of the tie lines) 
that first the oil phase diminishes; then, it increases 
until at miscibility the aqueous phase entirely 
disappears. 

For the oil-water distributions studied, it turns 
out that TBA leads to preferential disappearance 
of the aqueous phase whereas IPA leads to prefer- 
ential disappearance of the oleic phase. This is not 
always the case. If a higher molecular-weight oil 
such as Drakeol 6 is used with TBA and water, 
the plait point shifts to the right of the binodal peak. 

Fig. 3 is a diagram for the system IPA-Drakeol 
6-calcium chloride brine. In this case the binodal 
peak is much higher than it is for Soltrol, but the 
location of the plait point is nearly the same. The 
shift of the binodal curve toward the 100 per cent 
co-ordinate lines is characteristic of increase in 
molecular weight. It will be shown later that this 
is of practical importance and imposes a severe 
limitation on the usefulness of the alcohol process. 

It is now obvious that an essential first step in 
any investigation of alcohol flooding is to determine 
the phase diagram complete with tie lines and plait 
point for the exact system in question. 


DESCRIPTION OF THE PROCESS 


Consider a core saturated with water and oil. If 
the oil saturation is sufficiently above residual, 
flooding with alcohol will initially produce 100 per 
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FIG. 2 — EQUILIBRIUM PHASE DIAGRAM, TBA-SOL- 
TROL-2 PER CENT CaCl, BRINE. 











cent oil. If the oil saturation is at or below residual] 
(i.e., discontinuous), initial production will be 100 
per cent.water. In any event, the initial pure fluid 
production is followed by a stabilized bank of 
constant water-oil ratio. If the alcohol used has 
its plait point on the right side (i.e., toward 100 
per cent oil) of the binodal peak, the stabilized 
bank is followed by a decrease in oil saturation 
concomitant with alcohol breakthrough.* This de- 
crease in saturation renders the oil residual (and, 
hence, discontinuous), makes it vulnerable to solu- 
tion in the advancing alcohol and complete miscibil- 
ity is ultimately achieved. If the alcohol used has 
its plait point on the left side of the binodal peak, 
the stabilized bank is followed by a continual 
increase in oil saturation until complete miscibility 
is attained. In the latter case, the oil phase remains 
continuous throughout and residua! oil is not en- 
countered. In all the foregoing circumstances, all 
of the oil and water are removed from the core when 
sufficient alcohol has been injected. For this reason 
it has been thought that the idea of a ‘‘piston-like”’ 
displacement adequately describes the process. 
However, it turns out that use of alcohols with 
basic differences in their equilibrium-phase char- 
acteristics leads (with the same oil) to substantially 
different flowing water-oil ratios in the stabilized 
bank. This makes it obvious that the piston-like 
displacement assumption cannot account for all the 
data. It follows that the nature of the alcohol and 
oil must be taken into consideration. 

When residual oil is achieved in the transition 
zone, oil ganglia are deposited at a constant rate. 
Thus, an oil-enriched aqueous phase flows past 
these ganglia and gradually extracts them to mis- 
cibility. An element of fluid which just achieved 





*Henceforth, the two-phase region between the rear of the 
stabilized bank (first appearance of alcohol) and the miscible 
front will be referred to as the ‘‘transition zone’’, Each phase 
in the transition zone will, in general, contain all components. 
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FIG. 3 — EQUILIBRIUM PHASE DIAGRAM, IPA- 
DRAKEOL 6—2 PER CENT CaCl, BRINE. 
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miscibility tends to undergo a subsequent decrease 
in water and oil concentrations and increase in 
alcohol concentration asa result of miscible mixing. 
However, this element of fluid must sweep over 
stationary ganglia (containing alcohol and some 
water) and possibly some genuine irreducible water, 
which tends to increase the water and oil concen- 
trations. Inspection of the phase diagram shows 
that such an increase can only be very minute, or 
else it will result in re-deposition of residual oil. 
The net effect is that the total percentages of oil, 
water and alcohol remain at an almost constant value 
over a very long interval extending from the tran- 
sition-zone well into the miscible region. In view 
of the foregoing, the production history does not 
give a direct account of the condition within the 
core. Thus, the early part of the production of com- 
pletely miscible fluid was still part of the transition 
zone when inside the core; i.e., it was sweeping 
over residual oil ganglia when produced. This part 
of the produced miscible region can be distinguished 
from the remainder by the flatness of the concentration 
distributions in oil, water and alcohol. 

Since the residual oil mechanism dominates the 
process at the expense of miscible mixing, one can 
no longer expect to interpret this kind of alcohol 
flooding in terms of simple miscible displacement 
at an adverse mobility ratio. 

The distance which a given length of alcohol 
slug will move before losing miscibility is strongly 
affected by this mechanism, It means that the spread- 
ing alcohol-water front rapidly encounters the long 


smeared-out tail of the alcohol-oil-water distribution, 
resulting in early phase breakdown. 


ALCOHOL FLOODING EXPERIMENTS 
EQUIPMENT AND MATERIALS 


The apparatus consisted of a collection of long 
consolidated cores molded in plastic, two constant- 
rate positive-displacement pumps with variable- 
speed transmissions, a multi-range pressure recorder 
and an automatic fraction collector and timer. In- 
jection pressures were continuously recorded and 
effluent fractions were collected at equal time 
intervals. 

Porous media used consisted of various lengths 
of Berea and Torpedo cores, as described in Table 1. 

Fluids used were distilled water, calcuim-chloride 
brine, Soltrol, Drakeol 6, isopropanol and tertiary 
butanol. Their properties and sources are given in 
Table 2. All liquids were de-aerated before use. 


SATURATION OF THE CORES 


Initial saturation of the cores was performed by 
evacuating and admitting de-aerated oil or water to 
the core until full. For all cores, saturations at any 
stage were determined by material balance based on 
volumes of fluids in and out. In the case of Berea-A, 
these figures were checked by total weight differ- 
ences. High oil saturations (i.e., irreducible water 
to an oil flood) were achieved by flowing 3 to 5 
pore volumes (PV) of oil through the water-saturated 
core until water production ceased. Residual oil 





TABLE 1 — SANDSTONE PROPERTIES 











Diameter 
Area of pe 
a ..... case — totam Porosity ko kw kalc. 
No. Core Name cm ft” (cm?) cm in. (ml) (%) (md) (md) (md)  Soufce 
1 Berea-A 83.0 2.73 5.99 2.58 x 1.02 x 100 20.1 130 153 123 Ohio 
2.32* 915 

2 Torpedo 173 5.68 18.23 4.82 1.90 675 21.4 394 378 338 Wyo. 
3 Bereo B-1 67.3 2.21 20.27 5.08 2.00 278** 20.3** 610 515 Ohio 
4 Berea B-2 70.3 2.31 20.27 5.08 2.00 ae aun” Ohio 
5 Berea B-3 90.2 2.96 20.27 5.08 2.00 seo” 20.3** Ohio 
6 Berea B-123 228 7.47 20.27 5.08 2.00 938 20.3 550 625 Ohio 
7 Berea B-23 161 5.27 20.27 5.08 2.00 663** 20.3** 700 595 Ohio 
8 Berea B-13 158 5.19 20.27 5.08 2.00 651** 20.3** Ohio 


* Berea-A had an approximately square cross section, 
** Calculated from No. 6. 





TABLE 2 — PROPERTIES OF TEST LIQUIDS 


Density, 
Purity ter 

No. Liquid (per cent) (gm/ml) 
1 Distilled Water Pure -9970 

2 2% CaCl, Brine Pure 1.0195 

3 lsopropanol 98-99 -7883 

4 Tertiary Buty! 99 .7878 

Alcohol 

5 Soltrol* - 7591 
6 Drakeol 6* - 8355 


*Highly refined, narrow cut of paraffin hydrocarbons. 
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Viscosity, Refractive 
77°F Index 
(cp) (79°F) Source 
-8937 1.3327 -- 
1.081 1.3367 7 
2.073 1.3747 Enjay Co., N. Y. 
4.440 1.3843 Eastman Organic Chem., 
Rochester 3, N. Y. 
1.405 1.4210 Phillips Pet. Co., 
Bartlesville, Okla. 
13.37 1.4593 Pennsylvania Ref. Co., 


Butler, Pa. 

















































Saturations were obtained by water flooding the 
core at this stage. On completion of all alcohol 
flooding experiments, cores were thoroughly flushed 
with alcohol to remove all of the oil and water. The 
alcohol was miscibly displaced with water and the 
sequence repeated to achieve the desired saturation. 
The special high and low oil saturations used for 
the runs with Berea-A were obtained by air flooding 
until the desired low water (or oil) saturation was 
achieved as determined by the core weight. The 
core was then evacuated, and de-aerated water (or 
oil) was injected into the core until the weight be- 
came consistent. Saturations of all the cores for 
the various runs are listed in Table 3. 


INJECTION AND COLLECTION OF FLUIDS 


Experiments T-7 and T-14 were carried out at 
rates corresponding to a calculated linear velocity 
of 1.25 ft/day. All other runs were performed at 
rates of 19 ft/day. 

In view of the importance to data interpretation 
of the total pressure drop across the core, care was 
exercised to ensure that termination of injection of 
one fluid and initiation of injection of a different 
fluid were accomplished at the same inlet pressure. 
The flow rate was then adjusted to the desired value. 

Produced fluids were collected in 10-ml centrifuge 
tubes, using an automatic fraction collector. 





As one would expect, it frequently happened 
that a suspension of oleic phase in aqueous phase 
was produced during efflux of the transition zone, 
It also occasionally happened that three or four 
layers appeared in a single fraction of the transition 
zone. In all such cases, the samples were thoroughly 
shaken and then centrifuged. to produce two clear, 
stable phases prior to making final readings and 
analyses. 


ANALYTICAL METHODS 


A complete analysis of the produced fluids was 
performed for most of the flow experiments. The 
technique involved is well described elsewhere.5,7 



















RESULTS 


The production history of a continuous alcohol 
flood can be naturally divided into four principal 
parts.© Pure oil or water production is followed by 
the stabilized bank, the transition zone and, finally, 
the miscible region. These zones are labelled in 
Fig. 4. 

One of the noteworthy features of alcohol flooding 
consolidated sandstone cores is the constancy and 
reproducibility of the flowing water-oil ratio in the 
stabilized bank. The data are far better than result 
from unconsolidated sands of about the same length,” 
and perhaps even superior to data obtained from 
unconsolidated sands over 10 times as long.6 





TABLE 3 —- ALCOHOL FLOODING EXPERIMENTS ON CONSOLIDATED SANDSTONES 











— aah, Oil Recovery (ml) Vol. 

of Oil through Oleic Inj. 
Initial in of Phase End of to 

Setupation Stab, Stab. Alcohol ah ‘an after = Two- Slug 

(per cont) Bank Bank  Break- Oil in Oil in Alcohol Oil in Phase Slug Break- 

Run ——__ Rate fo Vv through Pure Oleic Aqueous Break- Miscible Flow Size down 

No. Core So Sw (ft/day) System* (%) (ml) (ml) Oil Phase Phase through Region (mi) (ml) (ml) 
T-1 Torpedo 58.0 42.0 19 ISB 30. 2=—:172 443 244 22.2 22.5 24.6 103 720 oo - 
T-7 Torpedo 57.2 42.8 1.25 ISB 30 = 150 508 241 11.6 14.0 12.3 122 611 0° «- 
T-5S Torpedo 36.8 63.2 19 ISB a9 62 446 96.0 18.2 19.6 20.3 116 670 00 - 
T-6 Torpedo 58.0 42.0 19 ISB 29 —s«(156 449 233 13.5 2.5 11.2 - 541 190 453 
T-4 Torpedo 56.8 43.2 19 ISB 30 0=—:*154 436 228 0.7 - 0.7 - - 139 = 405 
T-2 Torpedo 57,8 42.2 19 ISB 29 ~=—«156 423 197 1.4 - 1.4 - - 96 267 
T-3 Torpedo 56.2 43.8 19 ISB - 15] 389 161 0.7 - 0.7 - 482 47 150 
T-5 Torpedo 57.0 43.0 19 SB - ~ - 136 - ~ - - - 0 - 
T-14 Torpedo 65.0 35.0 1.25 IDB 19 ~=—-:165 435 209 42.8 129 45.1 58 2600 00 - 
T-10 Torpedo $7.5. 42.5 19 TSB 43 195 478 311 48.6 1 189 26.8 796 oo - 
T-13 Torpedo 57.0 43.0 19 TSB 44 203 446 274 11.1 0.8 11.5 - 668 96 324 
T-11 Torpedo 57.0 43.0 19 TSB - 200 434 219 1.3 0 1.3 - 504 47.0 200 
B-4 Berea 28.0 72.0 19 ISW 34 55.3 57.9 21 39 2.9 4.1 19.0 99 00 - 
B-2 Berea 33.0 67.0 19 ISW 34 22.4 61.7 13.2 5.7 4.5 6.1 9.7 112 00 ~ 
B-1 Berea 57.0 43.0 19 1SW 34 33.3 53.9 34.8 6.7 303 7.0 2 TTT 00 - 
B-3 Berea 80.0 20.0 19 ISW - 63.8 63.8 59.4 7.3 3.2 7.6 10.1 91.1 00 - 
B-3B Berea 57.6 42.4 19 ISW 34 28.9 44.7 22.1 5.6 1.6 6.4 28.3 93.1 00 - 
B-4B Berea 55.0 45.0 19 ISW = 30.6 45.3 30.5 6.1 2.7 6.3 15.7 - 42 69 
B-2B Berea 58.0 42.0 19 ISW = 27.7 53.3 33.5 3.2 0.1 3.3 21.2 90.3 28 60 
B-1B Berea 55.0 45.0 19 ISW = 27.0 60.6 16.2 0 0 0 - 68 14 39 
2A Berea-B1 37.9 62.1 19 ISB 32 48.5 183 46.8 13.4 5.8 14.5 39.6 287 00 - 
3A Berea-B23 37.1 62.9 19 ISB 35 «139 468 126 16.8 18.9 18.8 83.3 667 00 - 
1A _— Berea-B123 37.8 62.2 19 1SB 36 © 209 638 157 46.9 13.5 50.5 137.6 839 00 - 

* | = Isopropyl alcohol, T = tertiary butyl alcohol, S = Soltrol, D = Drakeol-6, B = 2 per cent CaCl, brine, W = distilled water. 
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Results will be presented in two parts. The first 
part includes information derived from continuous al- 
cohol injection and bears directly on the process 
mechanism. The second part treats alcohol slugs, 
these being more pertinent to process application. 
Reference will be made to Table 3 and Figs. 4 
through 15. 


CONTINUOUS ALCOHOL INJECTION 
Initial Oil Saturation 


Figs. 4 and 5 show production histories for 
continuous alcohol floods on the 6-ft Torpedo 
sandstone core at high initial oil saturation (S, = 
58 per cent) and residual oil saturation (S, = 36 
per cent). The curves shown represent total water, 
oil and alcohol concentrations, and /,, is the fraction 
of water or aqueous phase in the two-phase effluent. 
In both cases, the average fractional flow of oil in 
the stabilized bank is close to 30 per cent. Runs 
B-1 and B-2 show a similar result on a 2-ft Berea 
core, wherein initial oil saturations of 57 and 33 
per cent both gave average stabilized-bank fractional 
oil flows of about 34 per cent. Evidently, the flowing 
water-oil ratio during production of the stabilized 
bank is independent of initial saturation. The initial 
oil saturation was artificially reduced (see ‘‘Satu- 


100; RUN T-I 


ation of Cores’’) to 28 per cent for Run B-4 to see 
if the stabilized-bank characteristics remained 
independent of initial saturation even well below 
a normal waterflooding residual. Unfortunately, the 
core was not sufficiently long to form a good bank, 
but the producing fractional flow of oil did achieve 
34 per cent at one point. 

It was found that the oil remaining behind in 
alcohol solution was about the same for Runs B-l, 
B-2 and B-3 on the short Berea core, i.e., 15.5, 
14.1 and 13.3 per cent PV. This means that for a 
given system a fairly constant quantity of oil is 
lost to the alcohol phase. Oil recoveries obtained 
on the short Berea core are plotted as a function 
of initial saturation in Fig. 6. The curve drawn 
through these points corresponds to the theoretical 
recovery calculated on the basis of a constant oil 
saturation of 14.3 per cent being lost to the alcohol 
phase and, thus, represents maximum possible oil 
recovery using continuous alcohol injection. When 
the oil saturation is reduced below residual initially, 
the quantity of oil in alcohol solution is greatly 
increased (19 per cent PV for Run B-4) since it is 
more difficult for the oil phase to achieve continuity 
before being dissolved in the alcohol. The point 
which does not fall on the curve indicates this 
change. Presumably, a longer core would show less 
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FIG. 6 — MAXIMUM POSSIBLE RECOVERY UNDER CON- 
TINUOUS IPA INJECTION. 


of an effect. The other curves in Fig. 6 show similar 
results for the Torpedo core. 


Rate 


Run T-7 and Fig. 7 illustrate a reduction in 
rate to 1.25 ft/day. In comparison to Run T-1 and 
Fig. 4, breakthrough of the stabilized bank is 
earlier and commences at a higher fractional flow 
of water. The change in breakthrough time is a 
result of the high initial /,, value which in turn 
results from the greater time required to stabilize 
at the lower rate. Pure oil recovery is the same 
(62.1 per cent) at both rates, the higher initial /,, 
being compensated by a later alcohol breakthrough 
in the low-rate case. Total usable oil recovery is 
a little higher at the high rate in view of a larger 
oil-phase volume in the transition zone. The fact 
that a low rate yields a short transition zone with 
a high oil concentration is simply a result of the 
increased contact time between residual oil and 
aqueous-phase extract. 

Another view of occurrences in the transition 
zone as influenced by rate is given by the observation 
that the point at which the system passes into the 
miscible region shifts toward the plait point. It has 






been speculated that a sufficiently small rate would 
permit the system to achieve miscibility exactly 
at the plait point.7 


Molecular Weight and Viscosity 


Drakeol 6 is a white oil having a viscosity (25°C) 
of 13.37 cp. It was used with IPA to assess the 
effect of a heavy oil on the critical parameters. The 
production history appears in Fig. 8 and corresponds 
to Run T-14. The fractional flow of oil in the stabi- 
lized bank has changed from 30 to about 20 per cent. 
This shift to a higher water-oil ratio in the stabilized 
bank (i.e., 2.33 to 4) is just the reverse of the trend 
previously reported for an unconsolidated sand. 
The transition zone has stretched from .17 to 3.22 
PV. Reference to the phase diagram of Fig. 3 shows 
why this happens. The binodal curve is so close 
to the alcohol-oil axis that, from the plait point all 
the way to the binodal peak, only a very minute 
concentration of water is required to maintain sepa- 
rate phases wherever the system attempts to pass 
into the miscible region. Because of this, the system 
does not move into the miscible region until the 
binodal peak has almost been reached. The long 
path of the transition zone along the inside of the 
binodal curve further emphasizes the importance of 
the residual oil mechanism in dominating the process. 
With this heavy oil, the nature of the phase diagram 
tends to maintain the initially higher (than Soltrol) 
residual oil saturation for a long time. The transition 
zone teeters on the verge of miscibility, but cannot 
achieve it until better than 3 PV have swept through. 

It is noteworthy that the recovery of oil is most 
seriously affected by the increase in viscosity and 
molecular weight. Not only has pure oil recovery 
been reduced from 62.1 to 47.7 per cent, recovery in 
the transition zone has been spread over a time 
interval 18.8 times that of Soltrol. If this run had 
been made at residual oil, the maximum possible 
oil recovery using continuous alcohol injection 
would probably have been only about 20 per cent of 
the oil in place. The implication is strong that, 
without a buffer between a heavy oil and an alcohol 
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FIG. 8 - PRODUCTION HISTORY FOR CONTINUOUS IPA INJECTION; EFFECT OF VISCOSITY AND MOLECULAR 
WEIGHT. 


slug, results can be dismal indeed. 


Distance Travelled 


Three Berea cores (Berea-B) were fastened 
together to form three different path lengths for 
experiments using continuous IPA injection to dis- 
place residual Soltrol (see Runs 1-A, 2-A and 3-A). 
There were definite variations in the properties of 
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these cores, so that perfect correlations with distance 
could not be expected. 

The principal result is that the oil recovery 
(all oil in oleic phase) expressed as per cent of 
oil initially in place was found to be independent 
of distance travelled, i.e., 56.1 and 57.3 per cent. 
Since the volumetric oil recovery is proportional 
to distance travelled, the oil remaining behind is 
also proportional to the distance travelled. The 
adverse consequences of this have been established 
and it can now be seen that no improvement can 
be expected with increased distances traversed. 
Apparently, the rate of extraction of residual oil 
ganglia is always less than the rate at which they 
are deposited. This seems reasonable in view of 
the diffusional nature of the extraction process. 

The length of the transition zone is graphed in 
Fig. 9 along with the length of the stabilized bank. 
Linearity of these graphs is what one should expect 
in view of the previous discussion. 


Plait Point 


So far, all results have pertained to systems 
which pass through residual oil in the transition 
zone. Fig. 10 (Run T-10) gives the production 
history for the system TBA-Soltrol-2 per cent calcium 
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chloride brine which does not pass through residual 
oil (see ‘‘Equilibrium Phase Behavior’’). In contrast 
with Fig. 4, it can be seen that the end of the 
stabilized bank is followed by a continual increase 
in oil saturation through the transition zone to the 
point of complete miscibility. The fractional flow 
of oil in the stabilized bank is substantially different 
from what it is in the case of IPA, having shifted 
from 30 to about 43 per cent. In this case, both 
phases undergo miscible displacement and the 
process more nearly conforms to the idea of piston- 
iike behavior. In view of the change in stabilized- 
bank fractional flow, it follows that alcohol floods 
that pass through residual oil are not piston-like. 
We will return to this point later. 

Another significant difference is exhibited by the 
concentration distributions after miscibility is 
achieved, It can be seen that the water and oil con- 
centrations decrease and the alcohol concentration 
increases more nearly as one would expect to see 
in consequence of miscible mixing. 

It is interesting to note that the change in slope 
of tie lines (Fig. 2) is reflected in the production 
history (Fig. 10) by a temporary increase in /,, 
just after alcohol breakthrough. 


OIL SATURATION IN THE CORE 


Three 4-in. segments were cut from the production 
end of the long Torpedo core, carefully faced, pro- 
vided with O-ring grooves and fastened back in 
place. A standard alcohol flood on a high oil satura- 
tion was then initiated. As soon as the produced 
stabilized bank reached /y = 70 per cent, the core 
segments were simultaneously detached from the 
remainder of the core without stopping alcohol in- 
jection. 

Each of the three core segments then was equipped 
with end flanges, and all oil and water removed 
using alcohol floods. Two cores were flooded with 
IPA and one with TBA. Produced fluids were ana- 
lyzed for water, oil and alcohol content using mass 
spectrography. Pore volumes of the core segments 
were then determined. Results are shown in Table 
4, 

Thus, when IPA displaced Soltrol fromthe Torpedo 
core at a stabilized-bank fractional flow of oil of 
30 per cent, the oil saturation in the core in the 
stabilized bank was in the vicinity of 45 per cent. 
Errors in the analysis tend to give low values of 
S 


w 


ALCOHOL SLUGS 


Experimental determination of the distance an 
alcohol slug moves before deteriorating into two 





TABLE 4 — OIL SATURATIONS FOR 
THREE CORE SEGMENTS 





So 

Core Location (Per Cent PV) 
(IPA) At Producing End . . » » + + « 444 
(TBA) Toward Injection End .. « + + 45.7 
(IPA) Between the Above Cores .. . 45.1 





phases is not easy. If the slug successfully traverses 
the core, one can only say the distance to breakdown 
is greater than the core length. If it breaks down 
just prior to emerging, then one is not certain of 
the data because part of the mixing at the front of 
the slug is absent in view of alcohol breakthrough 
having already taken place. Any attempt to patch 
together two experiments corresponding to separate 
studies of mixing at the front and mixing at the 
rear is quite difficult in view of the flatness of 
the concentration distributions peculiar to the 
residual oil mechanism. This can be seen more 
specifically by reference to Fig. 4 where the alcohol 
concentration is still very low at more than 1.6PV. 
Thus, in this case it is not possible to decide where 
the advancing alcohol-water front would encounter 
a sufficiently low alcohol concentration to cause 
breakdown. 

In the following, these problems were avoided 
by allowing the slug to break down well inside the 
core. The location of breakdown (i.e., pore volume 
injected when breakdown occurred) was determined 
by one or more of the several means described. 


Determination of Slug Breakdown 


Total pressure drop across the core gives one 
indication of slug breakdown. Fig. 11 shows this 
by comparison with the pressure history for con- 
tinuous alcohol injection. The two curves decline 
at about the same rate after the onset of two-phase 
production. When slug breakdown occurs, residual 
oil is generated within the core and tends to increase 
the pressure drop in view of the decreased effective 
permeability to the aqueous phase. The net effect 
is a marked decrease inthe rate of pressure decline. 
Location of the breakdown point was facilitated by 
use of a semilog plot of the pressure decline. 

Another indication of breakdown is given by the 
production history. The produced fluids in Fig. 11 
have just reached the stabilized-bank fractional 
flow when breakdown occurs. At slug breakdown, 
the change in boundary condition at the rear of the 
transition zone causes an instantaneous and rapid 
rise in the fractional flow of water. The small addi- 
tional quantity of oil that is produced after slug 
breakdown represents the excess of the oil satura- 
tion over residual in the stabilized bank. 

A third limit on the location of slug breakdown 
is imposed by the alcohol flood that always follows 
a slug experiment. When the alcohol-water front 
reaches the region where residual oil commences, 
the pressure drop increases in view of the onset of 
two-phase flow (creation of a stabilized bank) where 
previously there was single-phase flow. 


Distance Travelled 

The length of core traversed at slug breakdown 
is graphed as a function of slug size in Fig. 12. 
Corresponding data appear in Table 3 for Runs T-2 
to T-6 and B-1 to B-4. In this figure, slug size and 
distance are merely the corresponding fluid volumes 
divided by Ad. From Fig. 12, it can be seen that 
the slug requirement is in¢reasing more rapidly than 
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the distance travelled. This is in sharp contrast to 
the square-root dependence usually observed under 
conditions of favorable mixing.!3 Such an adverse 
result is a consequence of viscous fingering at the 
rear of the slug superimposed on the linear deposi- 
tion of residual oil (see ‘Description of the Proc- 
ess’’ and ‘*Continuous Alcohol Injection — Distance 
Travelled’’). 

Two points are given for the TBA-Soltrol system. 
For any given slug size, these data show that TBA 
will travel a greater distance than IPA before slug 
breakdown. The reason for this is indicated by the 
more rapid decline of the water and oil concentrations 
after miscibility is achieved in the produced fluids. 
(See ‘‘Continuous Alcohol Injection — Plait Point’’ 
and Fig. 10.) Nevertheless, the trend shown by these 
data indicates that the dependence on distance with 
the TBA process is no more favorable than with 
IPA. If the TBA-Soltrol system is controlled by 
miscible mixing at an adverse mobility ratio, then 
there is hope for improvement via dissipation of 
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viscous fingering when sufficiently great distances 
have been traversed.!4 However, insufficient work 
has been done on continuous injection of TBA to 
be certain of this analogy. 


Oil Recovery 


Oil recovered by the various-sized alcohol slugs 
is shown in Fig. 13. Data can be found in Runs T-1 
to T-6, Table 3. The point at zero slug size corre- 
sponds to a water flood, and the highest points 
were obtained by making the oil recoveries from 
continuous alcohol injection correspond to the slug 
sizes obtained by double logarithmic extrapolation 
of the data in Fig. 12 to the total core length. 
Notice that the oil recovered using TBA slugs is 
much greater than that derived from corresponding 
IPA slugs. This would be expected in view of the 
more favorable displacement mechanism realized 
by TBA. 


THEORY 


In view of the experimental evidence, it is 
necessary to treat two cases. These are distinguished 
by the manner in which the oleic phase behaves 
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as miscibility is approached. 


PLAIT POINT LEFT OF BINODAL PEAK 


The simplest approximation to this case has 
been treated in detail by Gatlin and Slobod using 
an analogy to combustion.§ A more general approach 
was made earlier by Gardner and Warren,8 who 
included the capillary pressure gradient and found 
the same result to hold. It turns out that the oil 
saturation in the stabilized bank is related to the 
mobility ratio by 


ee k Ho 





So k, hy qo 
(1) 


Therefore, for any solution S, = S,,, the bank sat- 
uration equals the fractional flow and the relative 
phase velocity is unity. Further, the fraction of 
a pore volume produced at breakthrough of the 
stabilized bank is given by 


Vie cae = 6: tg tacsaben hate. maha 





in the case of a high initial oil saturation (irreducible 
water to an oil flood), and 


"% Sop * Sor | ff fs. . 3) 


S 





ob 


in the case of residual oil. 


In the Appendix, it is pointed out that equivalent 
forms of Eqs. 2 and 3 are, respectively, 





V= Sub os Swi (4) 
he 
and 
V= Sop i Sor (5) 





We accept these results so long as they are 
applied to systems with the plait point to the left 
of the binodal peak. In the application that has 
been made of them,® this was not the case. 


Application of this model requires a choice of 
relative permeability data. The Penn State method 
is preferred as obviously representative of phen- 
omena occurring in the stabilized bank. It has been 
shown (see ‘Results — Initial Oil Saturation’’ ) 
that the stabilized-bank fractional flow (and, hence, 
the oil saturation’ in the bank) is independent of 
initial oil saturation. Since formation of the bank 
is an imbibition or drainage process according to 


2014 


whether the core was initially at irreducible water 
or residual oil, respectively, it follows that the 
correct relative permeability curve must be hyster- 
esis-free, i.e., the imbibition curve. 4 

Fig. 14 shows relative permeability data from a 
Torpedo sandstone core similar to that used in the 
alcohol experiments. Its absolute permeability was 
higher than the average for the long core (500 vs 
350 md), but the residual oil was almost the same 
(37 vs 36.8 per cent). These data are graphed again 
in Fig. 15 for Soltrol, and the curve (1 — So)/S 4 is 
superimposed. In the case of TBA-Soltrol, the inter- 
section with the imbibition curve should give the 
flowing water-oil ratio in the stabilized bank. From 
the graph it can be seen that this value is 1.42, as 
compared with an average of 1.38 from experiment. 
Note that, if the drainage curve had been used 
instead, the result would have been 2.10, which is 
completely out of the question. 

From Eq. 4, breakthrough is obtained at 0.276 
PV, whereas from Fig. 10 it can be seen that break- 
through actually occurred (using the half-height) 
at about 195 ml, or 0.289 PV. If the earliest exper- 
imental breakthrough is used, agreement is exact. 

Thus, it is established that behavior of the 
system TBA-Soltrol-brine is close to piston-like 
and the correct relative permeability curve is the 
Penn State imbibition curve. We generalize on this 
result in view of the discussion of ‘‘Equilibrium 
Phase Behavior’’ and claim that all ternary systems 
with plait points to the left of the binodal peak will 
behave in this fashion. 


PLAIT POINT RIGHT OF BINODAL PEAK 


The essential feature of this case is the boundary 
condition required at the rear of the stabilized bank; 
i.e., residual oil at a saturation $s." 
behind at a constant rate and dissolved in the aqueous 
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OF S,, FOR TBA-SOLTROL-BRINE. 


phase. It is interesting to observe that this makes 
the analogy to combustion !2 more precise because 
there too an oil residual remains behind, except 
that it is consumed by oxidation instead of solution. 

Under assumptions otherwise the same as used 
in deriving Eqs. 1 through 5, it is shown in the 
Appendix that the oil saturation in the stabilized 
bank is related to the mobility ratio by 








1-5, _ hy  . % 

So i k,, a Io 
OTT eee ee OP a ae ee ee (6) 
For this relation, the solution S, = S,, will no 


longer equal the fractional flow in the bank and 
there will be a definite flow of one phase relative 
to the other. In fact, the relative velocity is given 
by vi B/Yon = Sop/(Soy — Sop") and the fractional 
flow is fog = (So — Sop*) 7 (1 — Soy*). The relative 
velocity is different from unity and the fractional 
flow is different from S,, whenever S,,*> 0. 

Further, it is shown that, when the oil saturation 
is initially residual, the fraction of a pore volume 
produced at breakthrough of the stabilized bank 
is given by 








(8) 


SEPTEMBER, 1961 





Again, it can be shown that equivalent forms of 
Eqs. 7 and 8 are given, respectively, by Eqs. 4 
and 5. 

Fig. 16 shows the imbibition k,,/k , curves for 
Soltrol and Drakeol 6, together with graphs of the 
the function (1-S,) y (S,-5,,°) as a parameter. 

To illustrate the method, consider Run T-1 for 
IPA-Soltrol-Brine, initially at a high oil saturation 
of 58 per cent; i.e., S,,;=42 per cent. From experi- 
ment, 4/Go = 2.33 and intersects the Soltrol curve 


at an oil saturation of S,, = 40.4 per cent. Using 
these figures and Eq. 6, the average residual oil 
saturation S..* can be calculated and equals 14.8 
per cent. The graphical interpretation of this cal- 
culation is also given in the figure. From Eq. 8, 
the corresponding theoretical breakthrough is 0.252 
PV vs an experimental value of 0.250. 

It can be seen that the oil saturation in the bank 
of 40.4 per cent does not equal the fractional flow 
of oil which is 30 per cent. Further, the relative 
water-oil velocity is not unity; rather, it is 1.54. 

In contrast to the piston-like case, one does not 
achieve prediction of both S,, and q,,/q,, in view 
of the additional parameter S| *. This situation is 
no worse than it is in combustion, where one cannot 
yet predict on purely theoretical grounds the fraction 
of oil which is burned. Nevertheless, it seemed 
desirable to obtain a completely independent check 
of the theory, and this was done by actually measur- 
ing S5,(see ‘‘Results— Oil Saturation in the Core’’) 
The result was 40.4 per cent calculated vs 45.1 
experimental. We regard this as substantial evidence 
of the validity of the residual oil mechanism. For 
Run T-55 with the core initially at residual oil, 
V calculated Eq. 5 is 0.12 and experimental is 
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0.166. Agreement here is not good, but the reason 
is that the oil saturation in the bank is so close 
to residual that the numerator of Eq. 5 is very 
sensitive. Further, /,, in the stabilized bank is 
not as constant as one would like for rigorous 
application of the derived formula for V. 

Run T-7, corresponding to a high initial saturation 
but a rate of only 1.25 ft/day, gives the comparison 
0.222 experimental vs 0.240 theoretical. Again 
agreement is not very good, although better than 
before. In this case, it appears that the slow-rate 
process does not stabilize so rapidly as does the 
fast-rate process, and this is reflected in the strong 
variation of /,, with V in the early production of 
the stabilized bank (see Fig. 7). Eq. 4 can be 
corrected for this by observing that changes in / 
do not affect S,,, much in view of the steepness of 
the g,,/q, curve (Fig. 16). Therefore, considering 
fw as a function of V, a correction of ff, (V)dV 
evaluated over the region enclosed by the actual 
production curve and the line /, = 0.7 can be intro- 
duced. When this is done, the calculated breakthrough 
time becomes 0.225, which is very close to the 
experimental value of 0.222. 

The experiment with Drakeol 6 (Run T-14) was 
designed to test the viscosity dependence of Eq. 
4. Unfortunately, it was not possible to use the 
high rate because of pressure limitations on the 
core. Therefore, the low rate was used and one 
would then expect V to be in excess of the exper- 
imental value just as it was for Soltrol at the slow 
rate. This is exactly what happened, and the com- 
parison using Eq. 4 is 0.266 theoretical vs 0.240 
experimental. Again, a correction for deviation 
from /,, = constant will improve the agreement. 
Thus, the result is consistent and all trends are 
in the right direction, but a quantitative check on 
the viscosity dependence was not achieved because 
of the rate effect. From Fig. 16 it can be seen that, 
for Drakeol 6, S,, = 43.7 per cent and S,,* = 29.5 
per cent. Thus, increasing the viscosity and molec- 
ular weight has increased the oil saturation in the 
stabilized bank from 40.4 to 43.7 per cent, but 
the flowing water-oil ratio has changed from 2.33 
to about 4. Further, S,,* has increased from 14.8 
to 29.5 per cent. Note also the great difference 
between the saturation in the core (43.7 per cent) 
and the fractional flow (20 per cent). 

Thus, it is established that behavior of the 
system IPA-Soltrol-brine is not piston-like but, 
rather, conforms to a residual oil mechanism where- 
in the stabilized-bank saturations are determined 
using the Penn State imbibition relative permea- 
bility curve. Further, IPA Drakeol 6-brine is similar 
in character. Again, we generalize on these results 
and claim that all ternary systems with plait points 
to the right of the binodal peak will behave in this 
fashion. 


CONCLUSIONS 


Over the ranges of the variables studied, linear 
alcohol floods can be expected to conform to the 
following conclusions. 
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Two different kinds of alcohol displacements 
exist. In one of these, the oleic phase dominates 
as miscibility is approached and, therefore, remains 
continuous throughout the flood. Systems of this 
kind are characterized by a plait point lying to the 
left (toward 100 per cent brine) of the binodal peak. 
An example of this system is TBA-Soltrol-brine, In 
the other of these, the aqueous phase dominates as 
miscibility is approached; therefore, the oleic 
phase passes through a residual state before misci- 
bility is achieved. Systems of this kind are char- 
acterized by a plait point lying to the right (toward 
100 per cent oil) of the binodal peak. Examples 
of this system are IP A-Soltrol-brine and IPA-Drakeol 
6-brine. 


PLAIT POINT TO THE LEFT 


1. The flowing water-oil ratio and the volume 
produced to breakthrough of the stabilized bank 
can be determined using the Penn State imbibition 
relative permeability curve, together with the bound- 
ary condition imposed by piston-like displace- 
ment. 

2. In otherwise equivalent systems, a TBA 
slug will travel a greater distance and recover 
more oil before breaking down than an IPA slug of 
the same size. However, for the distances studied, 
the curve relating slug size to distance travelled 
has about the same slope for both alcohols. 


PLAIT POINT TO THE RIGHT 


1. The flowing water-oil ratio, the breakthrough 
volume and the oil saturation in the core can be 
related using the Penn State imbibition relative 
permeability curve, together with the boundary 
condition corresponding to the continual deposition 
of a constant saturation S,,* of residual oil. 

2. The fractional flow of oil in the stabilized 
bank is independent of initial oil saturation. The 
quantity of oil permanently lost to the aqueous 
phase is independent of initial oil saturation and 
is a constant fraction of the pore volume swept 
by the alcohol front. Volumetric oil recovery for 
continuous alcohol injection is proportional to the 
pore volume swept by the alcohol front. Thus, 
maximum possible oil recovery can be measured. 

3. Increasing the rate of advance causes more 
rapid stabilization, lengthens the transition zone, 
decreases the oil concentration in the transition 
zone and does not affect pure oil recovery. Decreas- 
ing the rate shifts the place where miscibility is 
achieved toward the plait point. 

4, Increasing the oil molecular weight and 
viscosity makes the binodal curve less favorable, 
stretches out the transition zone and, thus, reduces 
pure oil recovery. For ordinary consolidated sand- 
stones, increasing the viscosity decreases the 
fractional flow of oil in the stabilized bank. 

5. Slug size varies as the distance travelled 
to breakdown to a power of at least unity and, there- 
fore, is very unfavorable. 
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FINAL REMARKS 
APPLIED ASPECTS 


Most of the work herein has involved IPA since 
it is the least expensive, reasonably pure, readily 
available alcohol having a favorable phase diagram 
with light oils. It now appears that, if there is any 
hope for the alcohol slug process, it lies with 
systems having plait points to the left of the binodal 
peak. These systems can be obtained in practice 
by inserting an appropriate intermediate slug between 
the reservoir fluids and the alcohol. The economic 
success of such a system of slugs will rest on 
whether viscous fingering does, or can be caused 
to, disappear within reasonable distances. 


COMPARISON WITH EARLIER WORK 


The question arises as to how it can be that 
Gatlin and Slobod6 obtained agreement between 
their experimental work with IPA and a theory which 
appears to be inadequate. The reasons lie in the 
nature of unconsolidated sand packs of the kind used. 
For such systems, both residual oil and irreducible 
water to an oil flood are very low, thus tending to 
obscure the features that distinguish piston-like 
displacement from the residual oil mechanism. In 
the 20-40 mesh sand used by Gatlin and Slobod, 
S,,* would be so small that its effect on the flowing 
water-oil ratio could not be detected. This results 
in apparent agreement with piston-like displacement. 

A somewhat more difficult point is raised by 
their result that increasing viscosity decreases the 
flowing water-oil ratio in the stabilized bank, 
whereas in the foregoing the reverse was found to 
be true. At least part of the reason for the apparent 
discrepancy lies in the fact that the relation between 
drainage and imbibition relative permeabilities is 
quite different for unconsolidated sands than it is 
for consolidated media. 


IRREDUCIBLE WATER 


One may well ask about the role played by 
irreducible water under alcohol displacements. If 
the lead of Caudle and Dyes 15 is followed, it would 
be necessary to delete this quantity from the satura- 
tion available for brine flow in the stabilized bank. 
The analogy is between the miscible displacement 
of water by alcohol during an alcohol flood and the 
displacement of water by water during gas-water 
injection subsequent to a miscible-slug process. 

However, in the case of TBA, the deletion of 
any water saturation greater than about | to 2 per cent 
gives an incorrect /,, using the imbibition curve. 
It is a remarkable coincidence that, if a capillary 
pressure value of irreducible water is introduced 
and the drainage curve is used, then the correct 
value of /,, is obtained. However, the breakthrough 
time is off by a large factor. Therefore, we conclude 
that, at least for a TBA-Soltrol flood on the Torpedo 
core and presumably any alcohol flood where the 
aqueous phase disappears at miscibility, it is in- 
correct to delete more than a few per cent in water 
Saturation. 
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One may still ask if irreducible water should 
be deleted for an IPA flood. Here the situation is 
not so clear-cut since /,, and V are unaffected. 
Deletion of a fixed water saturation, in this case, 
merely changes S,,* in a compensating way. How- 
ever, such a procedure results in a value of S,,* 
for the Drakeol 6 flood that is in excess of the total 
oil left behind according to experiment. 

Some clarification of the precise role of irreducible 
water saturation under a miscible displacement 
seems desirable. 


NOMENCLATURE 


A = area of core cross-section, sq ft 
L = length of core, ft 
S = phase saturation, dimensionless 


V =pore volumes injected to breakthrough of stabi- 
lized bank, dimensionless 


{ = fractional flow, dimensionless 

k =relative permeability, dimensionless 

q = flow rate, cu ft/hr 

= time to breakthrough of stabilized bank, hours 
v =phase velocity or frontal velocity, ft/hr 


~ 


ft = viscosity, cp 


& = porosity, dimensionless 


SUBSCRIPTS AND SUPERSCRIPTS 


b = stabilized bank 
1 = irreducible 

o = oil 

r = residual 

w = water 


* = transition zone 
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APPENDIX 


Core saturations will be idealized according to 
the scheme of Fig. 17. Initially, the core is either 
at S,, (solid line) or Swi (dashed line). The front 
of the stabilized bank is advancing at a rate v and 
the rear at a different rate v*. An ‘‘average’’ or 
““effective’’ residual oil saturation S,,* is being 
left behind and dissolved in the miscible region. 
The total flux is g/Ad. All frontal velocities and 
phase velocities are assumed constant, the fluids 
are incompressible and the capillary pressure 
gradient is neglected. 


WATER-OIL RATIO AND BANK SATURATION 
In the stabilized bank, 
G= qos, + Gob 
where 


Iwb = “wb A ? Sb 


and ee x 
fob~ “ob A ¢ Sop =v A @ (Sop . +) 
Therefore, 
* 
q=Vy, A Swat v™A $ (Soy ° Sor)» 
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FIG.17—IDEALIZED SATURATION SCHEME, 





and 
1 wb _ (q/v* A $) - Sop - Sor) 
~ * 
{ob Soo i ae 
eee ee ee ee es 
In the transition zone, 
q=49,"+ q,* 
where 
i, sey AS 4 + @%) 
and " 
Go =O 


as oil here is residual and effectively immobile. 
Therefore, 


* ? * * ; * 
q=u, Agi(l- S$ )=xv Ad(l- §S 


or or 


), 


since the only flowing phase in the transition zone 














is the aqueous phase and its velocity v,,* equals 
the frontal velocity v*. 
Thus, 
os 
q = ‘ . 
z— = 1 Soe , : . (A-2) 
A gd v 
From Eqs. 1 and 2, we have 
Iwb Bag Sob <= k,, Ho 
fob Son ° Sos k, By 


Since this is a relation to be solved for S, = Sop, 
we drop the subscript 6 and write 





Vy ae) a 5S, : ky H, 
Io S, - ay k, By 
Fede gee pede age aioe tee tes 23 . (A-3) 


Note that the initial core saturation does not enter 
the calculation, so the result must be the same for 
both S,, and S,,;. Further, the fractional flow of 
oil /,, is related to the oil saturation in the bank 


Sop by 





* 
f sis {ob aia l a Son’ Sor , (A-4) 
ob” a 4 
Font Iwb 1+ (9,5/Ion 1 - “Beg 
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and the relative phase velocity is given by 


wb Iwb Sop 1-S.5 Sop - Sop 
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All of these results (Eqs. A-3, A-4 and A-5) reduce 


to the piston-like formulas when S,,* = 0. 


BREAKTHROUGH 


This calculation depends on the initial core 
saturation, and commences with the core at irre- 
ducible water to an oil flood. Thus, in Fig. 17, the 


dashed line and S,,; are used. 


i 

Since initial production is virtually 100 per cent 
oil, the rate at which water enters the stabilized 
bank from the front is v A & Swe Since v,* =v, 
no water leaves the rear of the stabilized bank. 
Therefore, the entering water must equal the accu- 





mulation in the bank, which is (v - v*) A ¢ S_,. 
Thus, 
* 
an si 4 
vSo, = (v i 
or 
. .) § 
. wt “wb ~ wi 
v Sb 
However, v = L/t and v* =(qg/A )/(1- S,,*) from 


Eq. A-2. Therefore, 


t qt I > wh ; ~ 





% 
bees oS 5 wb 


or 


Since q t/L A ¢@ equals the pore volumes of alcohol 
injected to breakthrough V, we have 





veti--s.”)> Laue... ee 





If this result is combined with Eq. A-3, an equivalent 
expression for V results; namely, 
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When the core is initially at residual oil, Fig. 
17 is interpreted using the solid line and S,,. 

Since residual oil will not flow under a water 
flood, initial production is all water. The rate at 
which oil enters the stabilized bank, therefore, is 
v A & S,,, and the rate at which oil is leaving the 
rear of the stabilized bank is v* A @ S),*. Accumu- 
lation in the bank amounts to (v—v*) A @ Sop and, 


therefore, 


Proceeding as before, we have 
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If this result is combined with Ea. A-3, then 


§ a § 
Wis Se vi Pee ere eee) 
Note that, when * = 0, Eqs. A-6 through A-9 


or 
] 


reduce to the piston-like formulas. 
How well Eqs. A-7 and A-9 agree with experiment 


} 


will depend on how rapidly the system stabilizes, 





Since it is implicit that the stabilized bank begins 
to form at S.; and residual oil is left behind at 
Sop the instant alcohol injection commences. 


xkk* 


DISCUSSION 


CARL GATLIN 
MEMBER AIME 


The authors are to be complimented for their 
thorough and painstaking study of isopropyl and 
tertiary butyl-alcohol displacements in consolidated 
porous media. This work has cast further light on 
the mixing or extraction phenomena occurring in the 
transition zone when oil and water are displaced by 
alcohol. Since these results disagree in some re- 
spects with our previous work,>® it is my desire 
to examine these differences in some detail and to 
offer alternate explanations or possibilities for 
consideration. 


SEPTEMBER, 1961 


THE U. OF TEXAS 
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Two principal differences in the experimental 
systems exist. The Gulf Research group used con- 
solidated cores, while our work utilized an uncon- 
solidated sand pack (50-200 mesh). This led, of 
course, to wide differences of residual oil, ours 
being much ‘lower. The second difference was in 
the core lengths, 2.2 to 7.5 ft for the Gulf work vs 
100 ft in our study. We could not use tertiary butyl 
alcohol because of its high freezing point and were, 
hence, unaware of the favorable location of its plait 
point in the Soltrol-water system. We did, however, 
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recognize the unfavorable extraction preferences of 
IPA for water, and it was this line of reasoning 
which led us to the combination-slug experiments 
reported in our paper. 


The main disagreement between the Gulf analysis 
and our results lies in whether one uses the simpli- 
fied piston displacement scheme (Eqs. 2 and 3° or 
the ‘‘leaky’’ piston scheme described in the Appen- 
dix of the authors’ paper. These lead to considerably 
different stabilized-bank saturations and flowing 
ratios, as is pointed out. The Gulf group attributes 
the agreement between our experimental results 
(IPA) and the piston ‘‘theory’’ with the inherently 
low value of S%, in unconsolidated packs. They are, 
however, unable to explain with complete satisfac- 
tion our data showing that increasing oil viscosity 
decreased water-oil ratio in the stabilized bank, a 
result completely opposite to theirs. 


I suggest that at least two alternate possibilities 
exist. The cores used in the Gulf work were shorter 
than the transition zone in all IPA runs, To me this 
prohibits anything other than a simple extraction 
process from occurring. To prove definitely that 
the piston concept is invalid will, in my opinion, 
require experimental data on systems appreciably 
longer than the transition zones. In our one run using 
the viscous oil, the mixing zone had an apparent 
length of about 40 ft, based on effluent history. 

A second possibility which now concerns me is 
that our system behaved as though it were oil-wet. 


As reported in the original work,> repeated contacts 
with IPA seemed to cause a steady increase in 
residual oil saturation. This, plus other evidence, 
indicated that our system became increasingly oil- 
wet with time. 

In view of the Gulf results, I wonder if the system 
wettability (or more specifically the relative loca- 
tions of water and oil within the pores) plays a role 
in the extraction efficiency and transition - zone 
behavior which may be as important as plait point 
location. This assumption is actually made by the 
authors; otherwise, the TBA system would ‘‘leak’’ 
a residual water saturation S*,, into the miscible 
region. It seems possible that this could explain 
some aspects of the disagreement. 

The postulation that plait point location, i.e., 
left or right side, completely alters the gross dis- 
placement mechanism is not completely clear to me. 
It seems that this approach could lead to the con- 
clusion that only systems having the plait point in 
the center (horizontal tie lines) could be treated in 
the piston manner, I realize, of course, that the 
stated distinction is the presumed continuity of the 
aqueous phase as opposed to the discontinuous 
ganglia of residual oil. I would appreciate some 
further clarification of this point. 

I wonder if the authors have any additional data 
on longer systems which they might wish to report. 
I am also curious to know if they have experimented 
at all with combination slugs in their consolidated 
cores, 


AUTHORS’ REPLY TO CARL GATLIN 


We are pleased to receive Gatlin’s pertinent 
comments and will attempt to answer all of them 
in the order presented. 


OIL VISCOSITY 


There are two effects of increasing oil viscosity. 
One is to shift the q,,/q, vs 5, curves to the right; 
the other is to render the phase behavior more 
unfavorable (via concomitant increase in molecular 
weight) by enlarging the immiscible region. 

If the viscosity could be increased without chang- 
ing the phase behavior, the effect would always be 
to reduce the water-oil ratio, independent of consol- 
idation considerations. This is illustrated in Fig. 
16 by noting for any fixed value of S,,* (including 
Sop* = 0) the intersections of the (1-S,)/(Sp—Soy *) 
curves with the two q,,/q, curves corresponding 
to different viscosities. The identical result holds 
when the relative permeability curves are measured 
on unconsolidated sands. - 

If the phase behavior could be made more unfavor- 
able without changing the viscosity, the effect 
would always be to increase the water-oil ratio, 
independent of consolidation considerations. The 
reason for this is that an enlarged immiscible region 
implies an increased value for S,,*. The effect 
can be seen in Fig. 16 by noting, for increasing 
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values of S,,*, the intérsections of the (1-S, )/ 
(Sg-So,*) curves with a single g,,/q, curve (vis- 
cosity fixed). 

Thus, for a given core, whether increase in 
viscosity results in a decrease or increase in 
water-oil ratio simply depends on which of these 
two effects dominates. In our particular consolidated 
systems, the phase behavior dominated. In the 
unconsolidated system of Gatlin and Slobod, with 
its inherently low values of S,,*, viscous effects 
dominated. Both results are correct and both are 
described by the ‘‘leaky piston’’ scheme. 

It should be noted that the drainage relative 
permeability curve used by Gatlin and Slobod is 
very close to being correct, even though one is 
dealing with an imbibition process. The reason 
for this is that the high rates used permit viscous 
forces to completely dominate the low capillary 
forces which obtain in their unconsolidated sand.} 
Thus, the invading water channels through the oil 
phase acting like a nonwetting phase. If the rates 
could be sufficiently reduced it would be found 
necessary to use an imbibition relative permeability 
curve lying above (in the sense of Fig. 14) the 
drainage curve.* Thus, one can expect the water- 





lReferences given at end of paper. 
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oil ratio in the stabilized bank of an alcohol flood 
of an unconsolidated sand to depend on rate at 
very low rates, whereas this should not be the case 
with consolidated cores. However, as remarked in 
the following section entitled ‘‘Plait Point’’, a 
rate dependence at low rates may be introduced 
via equilbrium considerations even in a consolidated 
system. 


CORE LENGTH 


Since writing the subject paper, we have conducted 
IPA and TBA alcohol floods on consolidated Berea 
cores 2-, 6-, 12-, 18-, 25- and 50-ft long.* We have 
been unable to find any reason for changing any of 
our conclusions as a result of these experiments. 
For the IPA runs, the produced oil percentage 
varied from 33 to 35 per cent. For the TBA runs 
it ranged from 44 to 48 per cent. As before, these 
values obtained independent of initial saturation. 
A difference of 9 to 15 per cent was consistently 
found. 

In all experiments, except that employing a 
highly viscous oil, the transition zone was much 
shorter than the core. For the Torpedo core, the 
transition zones were about one-third the core 
length. This can be seen in Figs. 4, 5, 7 and 10 
as well as in Table 3. In the longer Berea cores 
just mentioned, the comparison of lengths was 
even more favorable. 


WETTABILITY 


If a core were completely oil-wet and prepared 
in such a way that there could be no question that 
oil constituted the wetting phase and water the 
nonwetting phase, then everything should be exactly 
reversed. A TBA flood should leak residual water 
ganglia which could be labelled S,,,*, whereas 
an IPA flood should be close to piston-like. Clearly, 
then, both pliat-point location and wettability must 
be taken into account when predicting system be- 
havior. 

All of the subject paper refers to systems which 
are water-wet. If wettability changes, there is a 
corresponding change in relative permeability; 
hence, the water-oil ratio from the stabilized bank 
should change. We have never observed this nor 
have we observed any significant change in residual 
oil saturation under numerous floods spanning more 
than a year. However, we do not allow oil to remain 
in contact with a core for extended periods of time. 
Idle cores ate always alcohol or brine saturated. 


PLAIT POINT 


We return now to the completely water-wet case. 
Since a TBA flood causes the aqueous phase to 
preferentially diminish as miscibility is approached 
(Fig. 12) whereas an IPA flood causes the oleic 
phase to diminish (Fig. 4) and since these floods 
proceed with different water-oil ratios in the stabi- 
lized banks, one must conclude that plait-point 





*These cores were not from the same batch as those reported 
in the paper. 
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location does indeed alter the gross displacement 
mechanism. 

Let the plait point lie to the left of the binodal 
peak. It was stated that the displacement was 
close to piston-like. The words ‘‘close to’’ were 
used advisedly since there is room for a few per 
cent of water (S,,;*) to remain behind. S,,;* then 
becomes a measure of piston-like behavior. The 
question of importance is whether the displacement 
becomes more nearly piston-like (smaller S,,;*) as 
the intersection of the composition path and the 
phase boundary approach the plait point. We have 
established that a decrease in rate causes this 
intersection to move toward the plait point. This 
means that phase equilibrium is not established 
within the core except, possibly, at exceedingly 
low rates. If the rate is low, but still feasible 
according to field flooding standards, then there 
is the distinct possibility that in a given core there 
still exists water-filled channels sufficiently 
minute that alcohol does not diffuse into them in the 
time allowed by the advancing front. If so, these 
channels can be cut off by an interface and diffusion 
rendered even more ineffective. This ‘‘cut-off’’ 
water saturation represents our concept of S,,,;*. 
Its magnitude should depend on the sandstone, 
fluid system, rate (at very low rates) and should 
always be substantially less than the laboratory- 
determined connate-water saturation. 

A special TBA experiment was conducted to 
accurately determine S,,;* on an 18-ft Berea sand- 
stone. Precautions were taken to reduce S,,; to a 
sufficiently low value prior to alcohol flooding 
that effectively no water was produced with the 
initial oil bank, thus establishing a very accurate 
value for stabilized bank breakthrough. The result 
was S,;* = 5.2 per cent under a flooding rate of 
12 ft/day. (Equations used to determine S,,;* and 
So,* appear in the next section.) 

In summary, plait-point location does affect the 
the gross flooding characteristics and true piston- 
like displacement is difficult to achieve in view 
of its apparent dependence on the existence of 
phase equilibrium. 


CALCULATIONS OF S,,* AND S,,;* 


In the absence of relative permeability data, these 
quantities can be determined by observing that the 
unknown bank saturations can be eliminated from 
the appropriate pairs of equations either given in 
the subject paper or similar to them. Thus from 
Eqs. 6 and 7 it follows that (plait point right) 

q 
* ° ‘ie = 
I-V ~ [v-(1-Sor)] faa oe 
and from Eqs. 6 and 8 


u Swi 
*_ . ° a ae. 
Sor = I-V-S,, (145 ) i-V ; 





(10) 
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Similarly, when water is left behind at a saturation 


Si* (plait point left), 


$..°% 

ve(t-s.") =e) a 
Swo ~ Swi 

or 


-$ 
V=(I-S,,") (-="} . 
° 


and 


Ww Swb - Swi. 


GV Sob 


* q 
- — (Sy) + V-I) 
° 


I-V +z [v-ci-s,,)] , ae (14) 


S + S$, 4 


qa Sor 
7 = - _ e 
i+ qo ) '~¥ fo 


(15) 


Using these equations, it was found that 14.5 per 
cent < S,,* < 17.8 per cent for the first seven IPA 
Torpedo runs in Table 3. For the 25-ft Berea core 
with IPA it was found that 10.5 per cent < S,,* < 
14.0 per cent. With regard to three TBA-Torpedo 
runs, 4.6 per cent < S,,;* < 8.8 per cent; and for 
TBA-25 ft Berea it was determined that 0 < Sud" < 
5.2 per cent. 


COMBINATION SLUGS 


We have at this writing carried out numerous ex- 
periments using combination slugs of various kinds. 
These experiments have brought to light new facets 
of miscible displacement which we hope to discuss 
at another time. However, for water-wet systems we 
find that the behavior in all cases studied conforms 
to what would be predicted on the basis of plait- 
point considerations. 
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DISCUSSION 


J. P. HELLER 


The purpose of this discussion is to comment 
briefly on one of the points raised in the paper. The 
topic is that referred to in the Conclusion 2, in 
which the authors note a ‘‘disproportionate increase 
in mixing rate’’ as they proceed from a displace- 
ment performed at viscosity ratio 0.998 to one at 
1.002. The recovery curve of this displacement, 
Fig.2A, shows a quite noticeable difference between 
the two runs in which displaced and displacing 
liquids were interchanged. This difference is as- 
cribed by the authors to the change in viscosity 
ratio between the two experiments. 

This interpretation of the experimental results 
must certainly be based on rather precise measure- 
ments of the fluid viscosities or, at least, of the 
ratio of their viscosities. The ordinary Ostwald 
viscometer, employed in the usual way, is only 
just able to distinguish between liquids whose 
viscosities differ by two or three parts per thousand. 
The experimental refinements which then must have 
been necessary to measure with any precision a 
viscosity ratio of 1.002 would be worthy of mention. 
Indeed, one would have expected the authors to 
devote at least a paragraph to the display of this 
technique. For the same reason — to emphasize 
that the details of such unusually critical exper- 
imental work should be reported and discussed in 
the literature — I would have liked to see some 
comment by the authors on the requirements for tem- 
perature control during both the viscosity measure- 
ments and the displacement experiments. The tem- 
perature coefficient of viscosity of Soltrol C at 
room temperature has been measured inthis laboratory 
at about ~— 1.9%/1°C. How much did the coefficients 
for the fluid mixtures used in the experiment differ 
from this and from each other? Even if the two 
fluids were identical in this respect, it would appear 
that a temperature difference of .1°C between them 
in the flow system would produce a viscosity con- 
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trast equal to that imposed by their composition. 


Reference to the experimental solutions of these 
problems would render Conclusion 2 more credible. 
Published theoretical work on the stability problem 
contains no indication of such extreme sensitivity 
to the viscosity ratio in the immediate neighborhood 
of unity. On the contrary, perturbation calculations 
such as those made by Chuoke! and Perrine 2 lead 
to initial finger growth rates proportional to the first 
power of the viscosity difference. The later insta- 
bility growth calculated by Scheidegger,3 using the 
assumption of zero pressure gradient perpendicular 
to the average flow, is also simply proportional to 
the viscosity difference. 

The conflict regarding the sensitivity of the 
dependence of instability growth or mixing rate on 
the viscosity contrast needs explicit recognition 
in the literature. In particular, it would seem that 
the experimental work reported here should be 
supported by a more detailed description of the 
viscosity controls. Further discussion of possible 
alternative interpretations of the data would also 
be in order. For instance, is it possible that the 
unconsolidated bead pack used changed its charac- 
teristics between the runs (due, perhaps, to the 
handling and inverting involved inthe injection of the 
front)? Or, are the data points of Fig. 2A averages 
from several runs performed in a series in which 
the two liquids alternated as displaced and dis- 
placing fluids? 

To summarize, it seems to me that the relation- 
ship asserted by Conclusion 2 in the paper needs 
the support of more detailed experimental evidence. 
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AUTHORS’ REPLY TO J. P. HELLER 


We (like Heller) at first were somewhat surprised 
at the ‘‘disproportionate increase in mixing rate’’ 
found at a viscosity ratio only slightly greater than 
1.00. We had tried to prepare two mixtures having 
essentially the same viscosity and felt that the 
slight differences would have little effect. Upon 
observing the displacements, however, we found 
that the fluids were acting alternately as favorable- 
and unfavorable-ratio displacements. Repeat runs 
in the same bead pack (labelled 113-1 in our original 
text) duplicated the results. We also made runs in 
another bead pack (107-1) with the same results. 

We then more carefully checked the viscosities 
of the oils. The values of 1.296 and 1.299 reported 
were the result of averaging several readings. There 
was, of course, a slight variation from one reading 
to the next, but the results consistently showed 
the clear oil to have a slightly lower viscosity than 
the red oil. We recognize that the reported value of 
this viscosity ratio (0.998 or 1.002) may not be 
exact, but this is not the important point. The point 
is that only a slightly unfavorable viscosity ratio 
will cause the theoretical error-function equation 
to be incorrect. This effect was mentioned by von 
Rosenburg,! but no data were presented. It can also 
be seen in the data of Koch and Slobod? in their 
Fig. 4, although no mention of it was made in their 
text. Fluid viscosities of 0.899 and 0.895 cp were 
used by Koch and Slobod. 

We were asked to comment on our ‘‘experimental 
refinements’’, Our Ostwald viscometer readings are 
regularly reproducible within 0.2 to 0.3 seconds in 
a total time range of 400 to 500 seconds. This good 
reproducibility is due to the viscometer being in a 
water bath at 77°F (25°C) — the same temperature 
as the room. Thus, there is little tendency for the 
fluids to change temperature due to heat loss or 
gain. The viscometer may not be calibrated to this 
degree of accuracy; but one must remember that, in 
determining a viscosity ratio near unity, it is not 
the accuracy of the instrument that is important 
but, rather, the precision of the instrument — that 
is, its reproducibility. 

An abrupt change of about 0.2°F in one fluid 
would cause the viscosity ratio to change from 
1.002 to 1.000, as suggested by Heller; but what is 
there to cause such a discontinuity of temperature 
within the medium? Any changes in temperature 
would occur throughout the bead pack; thus, the 
variable to consider is the difference in the viscosity 
indices. 

The viscosity indices of the two oils are quite 
close, being -0.91 per cent/°F for the red oil and 
-0.95 per cent/°F for the white oil. It requires a 
temperature change of 5°F to change the viscosity 
ratio from 1.002 to 1.000. The air temperature in 
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our laboratory, measured using a thermistor, shows 
about a 1/4°F oscillation with an over-all drift of 
about 1/2°F during a normal working day. We would 
expect the flow-system temperature to vary much 
less than this, but even a 1/2°F variation is con- 
siderably less than the required 5°F. Experimental 
evidence is the best indication of whether an un- 
wanted viscosity-ratio inversion took place due to 
temperature effects. If such had occurred, the data 
would have shown it. 

Now, what of the theoretical work mentioned by 
Heller? These theories all deal only with the be- 
ginning of an unstable displacement. They would 
not be expected to give a correct answer on growth 
rate after an appreciable growth of the perturba-. 
tions. Rigorous theoretical treatment of an unstable 
displacement is well-nigh impossible. This was 
clearly expressed by Scheidegger? who, in refer- 
ring to his own work as well as that of Chuoke 
and Perrine, stated the following. ‘‘The problem 
of fingering is an extremely involved one, owing 
to the complexity of the phenomenon. To treat it 
theoretically, drastic simplifications have to be 
made.’’ So, it is not surprising that these theories 
are not quantitative with regard to viscosity. 

We should also mention the theories for a viscos- 
ity ratio less than unity — the stable case. As we 
said in our text, all of these theories correctly pre- 
dict the error-function form of the favorable dis- 
placement. However, experimental evidence shows 
that the dispersion rate is a function of the viscosity 
ratio, even for this stable case. This viscosity 
ratio dependence is not correctly predicted by the 
error-function theories. 

However, we have been by-passing the most im- 
portant point. One set of theories is for the unstable 
case (viscosity ratio > 1.000), and the other set is 
for the stable case (viscosity ratio < 1.000). Our 
data compare these cases at slightly above and 
below 1.000. No theory makes this comparison, nor 
can one be expected to because at 1.000 there is 
an abrupt change in the basic displacement mecha- 
nism. This very change is the cause of the ‘‘dis- 
proportionate increase’’ when ranging in viscosity 
ratio from below 1.000 to above 1.000. 
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